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A. PRrOOFs IN THE MAIN TEXT

A.1 Proof of Simple Lemmas

A.1.1 Proof of Lemma 2.1

Recall the two equations that define the beauty-contest game,

pit = (1 — a)Eit[g:] + aBiup:], and p; = / pir di.
Using
—0 =1 =0 .
Blpd=q, and Blgl= [ B [Elo]

it follows that
—1
m=EmM+a/EMwl

Next, substitute p; into itself to get

p =E2[Qt] + a/Eit [Ej[ﬂh]] + QZ/E# [/ Eit[ﬁt]} .

Iterating on this last step and using
—k+1 —k X
B gl = [ B [Elaa] i,

yields the result.

A.1.2 Proof of Lemma 3.1

For a discussion of invertibility and its connection to the inside roots of a stochastic ARMA process see Brockwell
and Davis (2002), Section 3.1. When the price process is invertible, observing the history of prices, p* = {p;¢}}2,
reveals the history of shocks to the fundamental, that is p;_x = g(L)n;—x implies n;_x = g(L)'ps, forall k > 0.
Since q;—k = pqi—k-1 + Nk, it follows that n;_x = g¢—¢/(1 — pL), which implies the result.

A.2 Proof of Proposition 3.1

Suppose that the stochastic process for p; is invertible, then observing {pi}{_"  perfectly reveals the underlying
t-1

k=—00’

current 7;. It follows that the information structure is exogenous and that the invertible equilibrium is unique.

aggregate shocks {nk}i‘:l_m and, therefore, {gi} so that the only shock the firms are uncertain about is the

Guess that the equilibrium policy function has state variables x;; and g1, that is guess that firm i’s policy

function can be written as
pit = QxXit + @Mt—l,

for some scalars ¢, and ¢;. It follows that, in aggregate terms,

Pt = Qxqi + qbqqt—1-



To verify the guess, notice that, since x;; — pq;-1 is a noisy signal about 1; with precision 7, we have that

Eitlqe] = 1 P Gi-1 + Xit.

+7 1+

Substituting these results into the best-response function (2) we obtain

(- +ags) ~ (p1-a)+ady)

pit = T+7 it T+ 7 +adg | gi-1,
which implies the following consistency requirement
p (1-a)t
=, d = .
= iracor ™ ST
Hence, for p; to indeed follow an invertible process it is necessary and sufficient that g(L) = (T)ij:ZL not have an

inside root, or that [¢;/¢x| < 1 which implies the result.

A.3 Proof of Proposition 3.2

The first claim follows directly from the proof of Proposition 3.1. To establish the second claim we follow a
significantly more involved argument. To facilitate reading it we include the proof of the necessary lemmas at

the end of this section.

For a contradiction, suppose there is a finite-state representation, then the law of motion of the aggregate

action can be written as

pr = g(L)ns = C(L)A(L)n:,

where h(L) is analytic and does not contain any inside root, and C(z) is given by

c@=[]e-1.

i=1

where {11, A, ..., A,} are inside roots of g(z). The signal structure can be written as follows
Xit it _ 7712 ﬁ Uit
pPt-1 U 0 Lg(L)| | n

det[T(L)] = t2LC(L)h(L),

=T(L)

The determinant of I'(L) is

and it contains inside roots {11, ..., Ay, Ap41}, with A,41 = 0. Denote the Blaschke matrix by

0
1-AL

1
B(L;A) =
0 L-A
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and let the fundamental representation of the signal process be given by
(e =1 ],
Nt

where

Uit

nt

er=AL) |, AL =B (L7 A )W

An+1

B (L‘l;)\l) W, T'()=T(@L)AL™)

and {Wy,} are the rotation matrices that satisfy W), W’, /= L. Next, define the following matrices recursively

To(L) =T(L),
Tk (L) = Tx_1(L)W2, B(L; Ag).

The following lemma characterizes useful properties of I'x(L).

Lemma A.1. The matrix I'x(L) is given by

yE(L) 75 (L)

I'v(L) =
HO= ke @

with all y¥(L) independent of g(L). Moreover,

k
71 (2)
Sk (z) = =
72 (2)
satisfies the following recursive structure:
do(z) = T /*(1 - pz), (A1)
L+ 01 (A) Ok-1(2) z = Ax
Ok (z) = . A2
t(z) Ok-1 (Ak) = Ok-1(2) 1—Akz (A-2)
Finally, for k > 2, there exists some constant dy such that
Seor (2) = Ok n (Ag) + dp— M (A3)
k-1(2) = 0k-1 (A Az .

Using the recursive structure of 0x(z), it is straightforward to verify that A(z) can be written as

A(z) = 1P(z) = Aps1 (2) An (2) ... A2 (2) A1 (2),

with

n+l 7/5—1 (/\k)

1 = ’
VAT (U + T ()2

— 2 — 2
A ()= \/V{‘ AT+ () gl w < b0 ][0k () 1
k(z) - -1 (A ) (Z ’ ) A = 0 Z—Ak -1 5 (/\ ) :
V2 k T-Axz k=1{"k




The following lemma characterizes a useful property of d®(z).

Lemma A.2. The elements of ®(z) satisfy

(01 02 1) 5,21

(8} H(Z_l)
H(z)d0(z")0n+1(2) +1
50(2)60(2_1) +1 !

Dpp(z) = - + @p(2)0y41(z71),

Dp(z) =2

where H(z) = H’;:ll 1Z:AAka’ and ¢y is some constant.

The equivalence result in Huo and Pedroni (2020) implies that
pit = Eit[lﬁ],

where Ej is the expectation conditional on the same information set but with a precision of private signals

misperceived to be 7 = (1 — a)t. Then, the aggregate action is

Pt=/Ez’t[qt]di-

Since the Hansen-Sargent formula implies

Eit [q¢] = % (f (LL> _r <0)LA (L))ls, [j‘;l ,

we obtain the following fixed point problem,

_1[f@) TOAE] _1( 1
= |22 -ERE - (e se)
o 1 1 1
&)= 20 (- 59)
where
S(z) = [1 0] " (0)A(2) (1) =cl(yf“(O)cpu(z)+yg+1(0)c1>22(z)).
For h(z) to be an equilibrium, it has to be that
ufm =S(A;), forallie{l,..., n}, (A.4)

so that the poles in C(z) can be removed.

Next, we show that with a finite number of inside roots, there does not exist an equilibrium.



Casel1l: n =1.. Firstletx =p+ HTT and notice that |p| < 1 and 7 > 0 imply |x| > 2. In this case S(z) takes a

simple form and we can calculate

1 _ T/\l X —/\1

S(A) - = ,
) I-pAr (I-A1p) (1-A%) +(x-2A1) (p—x)

so that equation (A.4) implies that A1 = x which is outside the unit circle.

Case 2: n = 2.. Suppose that A1 # Ay, then

S(A) _1-pla _t(A2-1y) (x=A)(x=Ay)—1
S(2) 1-pAr  (I-ph) 1-23)(p—x+A) - (x-2M)((x - A)(p—-x)+1)

and equation (A.4) for i = {1, 2} implies that (x — A1) (x — A2) = 1, which implies that either [A;| > 1 or [A2] > 1.
Next, if A1 = A, = A, we have that

s 1 1A —3A2 +3xA - (x? - 1)
( 1-pA 1-Ap(1-A2)(4A—x(1+A2)+(@xA -2+ A4 - 6A2+1)(p - x)’

and equation (A.4) implies that 3% — 3xA + x? = 1. Notice that the discriminant of this quadratic equation on
Ais 9x% — 12(x? — 1) and that it is negative whenever |x| > 2. Therefore, the solutions are complex. Complex

A’s are allowed but necessitate a conjugate which is not possible in this case since we have assumed A1 = A,.
Case 3: n > 2.. From the definition of S(z) and Lemma A.2, it follows that

1+ 6n+1(0)6n+1()\i_1)
1+ 060(A1)d0(ATY)

S(Ai) = c1c2y571(0)

Equation (A.3) together with the fact that A,,+1 = 0 implies that
On+1(2) = 0441(0) + dy, 2,

for some constant d,;+1. Thus, we can rewrite S(A;) as

1+ 644+1(0)(6n+1(0) + dn+1/\i_1)
1+ 060(A)0(A;)

S(Ai) = c1c27571(0)

Suppose that the solution to the system of equations (A.4) includes A;, A;, A different from each other and all
inside the unit circle. It follows that

S(A;)  1-pA; 1+ 6,41(0)(8541(0) + dpsi A1) 1+ 0ns1(0)(0n41(0) + A}

= , or
S(Aj)  1-pAi 1+ 60(A1)d0(A1) 1+ 80(4))80(A7 )

7

which can be written as

On+1(0) (T + (1= pAi) (1= pAj)) + ((1 = pAi) (1 = pAj) + AidjT) p (1 + 5i+1(0)) = 0.



Suppose that 7 + (1 — pA;) (1 — pA;) # 0, then

(1 B Ai)\f) T —1_ d1+10,+1(0)

T+ (1-pAi) (1-pA)) p(1+07,,(0)
Similarly, if 7 + (1 — pA;) (1 — pAk) # 0, then

(1 - Ai/\k)’[ _ dn+16n+1(0)

THA-pA)(1-pAd) T p(1+82,,0)

Combining the two conditions above, we have

(1)) ~ (1-Aix)
T+ (1-phi) (1-pAj) T+ =pA)(1-pAy)’

which implies
A+ (1=-Aip)IAi—p)=0 = 1+ 5(A)80(A;") =0.

This cannot be the case since S(A;) must be a finite number. Therefore, if there exists a solution, it has to be that
T+ (1 - p)\,‘) (1 - p/\]‘) =0.

This condition, however, implies that A; and A; cannot be simultaneously within the unit circle.
Next, suppose there exits a solution with A; = A, for all i € {1,...,n} with |A| < 1. Let {/\Lk}]‘fzo, ey

{/\n,k};"zo be n sequences such that limy—e Aix =Aand Ak # Ajx foralli,j € {1,...,n}and all k > 0. Define

n

o=y

i=1

1

S(Aix) - m .
1,

By continuity of S(-), wy approaches 0 as k goes to infinity, since A; x approaches to A for alli € {1,...,n}.
However, since A; x # A;, as established above, only if some A; x are outside the unit circle, can wy approach
0. Since |A] < 1, as k goes to infinity, all [A; x| < 6 for any 6 < 1, which implies that w cannot be close to zero.
This is a contradiction. The case where all A; equal to each other, except for one, can be dealt with in a similar

way, which concludes the proof.

A.3.1 Proof of Lemma A.1

We prove this lemma by induction. For k = 0, this is clearly the case. For k > 1, suppose that

71 (@) 75 (2)

r = .
R R P

Then, it follows that
Tit1(2) = Tk-1 (2) W, B (25 Aks1)



with

W, = 1 Vi Aks1) =73 (Aks)
Akl — k 1 ) k(/\ ) .
\/y{‘ (A1) + YK (A1) 72 A1) vy (A
So that
r _ 1 71 (2) s (2) VE(Aks1)  —7h (Aka)
k+1 (Z) = k (Z) (Z) k (Z) (Z) k (/\ ) 2 (/\ )
\/ VE A1) + 75 Apg)® 13 1H)8 Val2) & Vs A1) Yy (A

(7 Aes1) 5 (2) + 75 (Aks) 75 (2) (f As) vE (2) - 7/2 (A1) 7§ (2)) gt ]
1- Z/\k+1

Lot (A1) 73 (2) + 75 M) V5 (2)) 8 (2) (7 (i) 75 (2) = 73 (Ars1) 74 (2)) k28 (2)
\/Vf (Ak1)” + 7§ M)

k+1 k+1

which has the desired structure. Note, moreover, that 7" and y,"" satisfy

7E (As) V5 (2) + vE (M) vE (2)
\/7/{( (Aks1)? + YK ()

V¥ M) vE @) = vE M) 7E (2) 1= 24
EQe? Qe F 7

Vil (z) =

7

yil(z) =

It follows from these recursions that 6 (z) satisfies equation (A.2). To prove equation (A.3), first notice that, for
k =1, it follows from (A.1) and (A.2) that

1-pA)(M—p)+ T z2- A4
NI

01(z) = 61 (A1) +

Next, suppose that there exists dj such that

z = Aks1

Ok (z) = 0k (Ags1) + dkm,

then, equation (A.2) implies that

(1 + Ok (Ak+1)2) (Ak = Aks1) — di (1 k+1) Ok (k1) 7 _ a4

Ok+1 (2) = Ok (Aks1) + ) 1—Apiz’

2
dr (1 Ak+1

which, again by induction, establishes the result. m|

A.3.2 Proof of Lemma A.2

From the definition of Ax(z) and equation (A.2), it follows that

1
A s @

l = (0k-1 (Ax) = 0k-1(2)) [_;(2)] .



Define

n+1 n+l
H(z) = g f:/\t’;, and G(z)= g (0k-1 (Ax) = Ok-1(2)).

Since A(z) = ¢1D(z), it follows that

G(z) = e2(1—-2A1) H(z) = H(z), (A5)
for some constant ¢, and that
1 1
D(z) = G(z) . (A.6)
—00(2) —0p41(2)
For a function f(z), define the tilde operator as f(z) = f (1/z). Then,
— 1 0
’ _ 2
Relz Ak(z) = (061 (A +1) | 1],
and, therefore,
_ 1 0 n+1
D(z)D(z) = , wh = Sk (Ap)? +1).
(z) ®(2) 03[0 J where c3 g(kl(k) )

Next, apply the tilde transformation to equation (A.6) to obtain

— 1 — 1
Pe) l—%(z)‘ =66 l—zs“m(z)l '

Transposing and multiplying from the right with ®(z) yields

a1 @] =[1 5@ D@ D@ =C@ 1 -5m()] P,
Together with the equation (A.6) we obtain four linear equations for the four entries of ®(z),

@11(z) — P12(2)00(2) = G(2)

D21(z) — P22(2)00(2) = —0n+1(2)G(2)
(@11(2) = P21(2)0441(2))G(2) = c3
(@12(2) — P2(2)0441(2))G(2) = —c300(2).

The rank of the system is 3. Use the first, second and fourth equations to express ®11(z), P12(z), P21(z) in terms
of @y;(z). The third equation does not allow to solve for ®»,(z), rather it collapses to

(14 001(208:1(2)) GG = (1+602)80(2)) 5. (A7)



We can, now, determine ®,(z) from!
D11(2)Pn2(z) — P12(z)P21(z) = det (®(z)) = c3H(z),

which implies

(G(2)00(2)8n+1(2) + G(2)H(2))e3
(1+8,:1(2)5,11 (2)G(2)G(Z)

Together with (A.7), this can be simplified to

Dyo(z) =

G(2)50(2)8p41(z) + E(Z)H(z).

Dny(z) = —
50(2)50(2) +1

Applying the tilde operation to equation (A.5) yields
G(z) = coH(z).

Finally, it follows from the definition of H(z) that H (z)H(z) = 1, and therefore

2H(2)80(2)5,41(2) + 2

Pa2lz) = 50(2)50(2) + 1

A.4 Proof of Proposition 4.2

Suppose the equilibrium is invertible, then, the information structure is exogenous and equilibrium is unique.

We can, therefore characterize it with a guess-and-verify approach. Guess
T = apé; + aléf +aon; + agr]f, and ct = Poéi + ﬁléf + Ban; + ﬁmf.
From the best-response functions, it follows that,

(kK(Bo+1)+ (1 —0)ag) & + (kP11 + (1 - 0)ar) &Y

i = Bit n (KﬁZ +(1-0)ay) nf + (Kﬁg +(1-0)az) 77;1

+ 00Kt [mit+1],

which implies

_k(Bo+1)+(1-0)ao kp1+(1-0)a;
- 1-66p  1-65p

+(kB2+ (1= 0) ) By 7] + (kB3 + (1 - 0) a3) By [11f]

B[]+ By [&f]

t

and

(mpc ﬁo—c(l—mDC)(tpn—p)ao)és + (mpc p1—c(1-mpc)(1+(pr—p)ar)) &
cir = Bjy 1-(1-mpc)p t 1—(1-mpc)p t

+ (1 —mpc)Eit [cit1],
+ (mpc B2 — ¢ (1 —mpc) az) 1} + (mpc B3 — cr (1 —mpc) az) nt”’

1Notice that
z—Ag

det (Ag) = (1 + 01 (/\k)z) -7,

10



which implies

_ (mpc Bo — ¢ (1 —mpc) (¢pr — p) o)

(mpc 1 — ¢ (1 —mpc) (1 + (P — p) a1))

= 1—-(1-mpc)p B &)+ 1—(1-mpc)p

+ (mpc B2 — = (1 —mpc) az) Ey [nf] + (mpc B3 — ¢ (1 —mpc) as) By [nf] -

Let A = 1, then
E; [n;] = Anj, and B [nf] = A

Matching coefficients, we obtain the following system of equations,

K(‘130+1)+(1—9)060
- 1-06p
_ Kﬁ1+(1—9)0(1
 1-06p

(@0 + az) = ((Kﬁ2+(1—6)a2)+K(‘80+1)+(1_9)a0)/\

1-06p
kp1+ (1 —9)&1)}L
1-06p ’
(mpc Bo — ¢ (1 —mpc) (¢ — p) o)
1-(1-mpc)p
(mpc B1 — ¢ (1 —mpc) (1 + (¢r — p) a1))
1-(1—-mpc)p ’

(0(1 + a3) = ((Kﬁ3 + (1 - 6) Ct3) +

0:

4

p1 =
(mpcBo — ¢ (1 —mpc) (pr — p) @)

(Bo +B2) = ((mpc B2 = cPn (1 —mpc) az) + 1—-(1—-mpc)p

(mpcp1 — ¢ (1 —mpc) (1 + (pr — p) 1))

(B1+B3) = ((mpC B3 — cr (1 —mpc) az) +

1-(1—-mpc)p
Solving the system yields
- k(1-p)
(XO - 7
0 (1= p)(1=8p) +x¢ (¢ = p)
bo = Ke (p = n)
0(1-p)(1-0p)+xc(Ppx—p)
—xC
ap = ’
0(1-p)(1-06p) +xc (Ppn—p)
b -0¢c(1-0p)

T O0(1-p)(1-0p)+xc(Pr-p)

11

Ee &

.



and

K (1=2) (1= p—mpcA (1 - p) = kA (¢ = p))
(0(1=p) (1 -06p)+xc (pr—p)) (A(1 = 0)(1 —mpcA) — kcPhrA2 (1 —mpc) — (1 —mpcA))’
k¢ (1= A) (mpcrA (1 —p) = (¢r — p) 1+ OA) — pA (1 = ¢r))
(6 (1=p)(1=06p)+xc (P —p)) (A(1=0) (1 —mpcA) — kcpA2 (1 —mpc) — (1 —mpcA))”
3 —x¢c(1=2A)((0 —mpc)A +1—006pA)
4= (0(1=p)(1-06p)+xc (pr—p)) (A(1=0) (1 —mpcA) — kcPhrA2 (1 —mpc) — (1 —mpcA))’
B c(A-1)(6(1-06p)—OA(1—0)(1—06p)—KchrA(1—mpc))
pa= (01 =p)A=06p)+xc (Pr—p)) ((A(1=0) (1 —mpcA) — kcprA2 (1 —mpc) — (1 —mpcA)))

ap =

B2 =

This solution validates the guess. Next, to guarantee that the equilibrium is indeed invertible, we need the

m;
e
T}
For that, we need both roots of the determinant,

)= (25 o) (o) = (725 + o) (5 )

to be outside the unit circle. The roots are given by

following system to be invertible,

o) a1

l Tit l _ [ —1}0L + ap _1—[)’pL + a3
0 1

Ct Tr T2 150 tPs

T(1+ 60 —mpc) + 7:\/(1 — 6 —mpc)® — 4(1 —mpc)(0 + KCPn)

rn = Zp ’

7(1+6 —mpc)— T\/(l — 0 —mpc)® — 4(1 —mpc)(6 + KCPr)

T = - .
2p

If (1 — 0 —mpc)? — 4(1 — mpc)(6 + Kcdr) <0, the roots are complex and their magnitude is above 1 if

p? — 0 (1 —mpc) 72
xc(1 — mpc)72

¢Pr >

Otherwise, the roots are real and |r1| > |r2|. So we need to show that |r;| > 1, and for that we need to consider
two cases: If 7(1+ 60 —mpc) < 2p, then |r7| is always less than 1, otherwise, it is a necessary and sufficient

condition that
7p (1 + 0 —mpc) — p? — 6 (1 — mpc) 72

Or >

xc(1 — mpc)t?

B. ApbitioNaL Noise IN EXOGENOUS SIGNALS

We illustrate the point that our baseline result serves as a useful benchmark for other environments with

non-square information. Consider the following modification of the exogenous signal while maintaining the

12



assumption about perfect price observation,
it = : N, 0?2
xit = & +uir + €, €~ N(0,07).

Here, the €; is a common noise that affects the signals of all agents. As a result, the price process is a function
of both the monetary shock and the common noise shock. As ¢, approaches zero, this economy returns to
our baseline economy with a single aggregate shock. Figure 1 below displays the responses of prices to the
fundamental shock 7; and to the common noise €;. When o is positive but relatively small, the price dynamics
still exhibits an oscillatory pattern. When o, is relatively large, the behavior of the model resembles the one

with only exogenous signals, as in Angeletos and La’O (2010).

1 0.4
—_—, = 0.0
o =05
= g, =1.0 03 ~
Iy
Iy
0.2 ’I \
/ \
~ 0.1
N \
-~ _— \
-~ o _F/;.ﬁ_*h.‘
Cd -~
0 - L ! -0.1 . L !
0 5 10 15 0 5 10 15
Period Period
(a) shock to 1 (b) shock to €t

Figure 1: Responses of Prices to Fundamental and Noise Shocks

Parameters: p =09, =09,and 7 = 1.

C. ExTENSIONS

In this appendix we show that the main insights developed earlier extend to significantly more involved
information structures, allowing for fundamentals that can follow any stochastic process, and multiple public
and private signals with noise that also follows arbitrary processes. We also extend the results to environments
with more sophisticated linkages among agents featuring forward and backward complementarities, and

multivariate systems that can be viewed as a network game with incomplete information.

C.1 General Information Structure

To facilitate the analysis, we switch to a more general notation, since the applications of the following results
encompass a wide range of settings that may differ from the one considered in the monetary model analyzed

above.

Best Response. Denote agent i’s action in period ¢ by a;;. Their best response function is given by

ait = @By [Sir] + aBir [a¢], (C1

13



where &;; denotes the individual fundamental, which can depend in a flexible way on the aggregate and

idiosyncratic shocks, 1y and ¢,
Eir =d(L)n + e(L)uir, with n; ~ N(0, Z%), and u; ~ N(0,22).

The lag-operator polynomial vectors, d(L) and e(L), are assumed to have square-summable coefficients. We
also assume that d(L) is not a constant vector to rule out fundamentals that are i.i.d. on common shocks; in
which case the equilibrium is always invertible, and we rule out redundant shocks by assuming that X, and L,

have full rank.

Information Structure. Agents have perfect recall and, in each period ¢, observe three sets of signals: (1)
the previous period aggregate action, a;_1, (2) a vector of private signals, z;;, (3) and a vector of public signals,
z;, where

xit = A(L)n; + B(L)uj;, and 2z = C(L)n;.

We make two assumptions: first, that there are as many common shocks as there are public signals (including
a¢_1), that is dim(n;) = dim(z;) + 1; second, that the matrix B(L) is invertible. To see why we impose the first
assumption, note that, when dim(7;) < dim(z)+1, there are more public signals than common shocks and past
aggregate fundamentals are always perfectly revealed independently of the degree of strategic complementarity
or of informational friction; when dim(7n;) > dim(z;) + 1, there are more common shocks than public signals
and the system is non-invertible by construction, as in Section 3.5. The interesting case for a discussion about
invertibility is the one in which dim(#;) = dim(z;) + 1. The second assumption is more standard, it essentially
excludes the cases in which non-invertibility is due to exogenously imposed shock processes. If B(L) = By,
which is usually the case in most information structures considered in the literature, then the invertibility of
B(L) is only violated if By is singular or not square in which case one of the private signals is redundant.

Moreover, the polynomial matrices, A(L), B(L) and C(L), must have square-summable coefficients.

Invertibility. In the economy studied in Section 3 there is only one aggregate shock, the monetary shock,
and invertibility is obtained if and only if the equilibrium process for the price index does not contain an inside

root. When there are multiple aggregate shocks, the equilibrium process can be expressed as

ar = g(L)n;.

Driven by more than one aggregate shock, the aggregate outcome by itself can no longer reveal all underlying
states. The relevant question becomes whether the history of signals, taken altogether, contains sufficient

information.

Formally, we define an equilibrium process to be invertible if the history of the public signals, {a’, z'},
contains the same information as the common shocks. The following lemma provides the corresponding

criterion for invertibility.

Lemma C.1. Ifdet[g(L) C(L)]" does not contain any inside root, the equilibrium is invertible. Then, the public signals
and the aggregate outcomes perfectly aggregate information,

E [nt|ut,zt] =, and E [5,-,5|at,zt,a:f] =&, (C2)
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Proof. By definition, an equilibrium process to be invertible if the history of the public signals, {a’, z'}, contains

the same information as the common shocks, nf. Next, notice that
ar=g(L)yn: and z = C(L)n

can be stacked into
[ar z]" =[g(L) CL)]" .

This is a multivariate ARMA process which is inverlible if det[g(L) C(L)]" does not contain any roots inside
the unit circle (see Brockwell and Davis (2002), Section 7.4). O

This result generalizes Lemma 3.1 to a multivariate system. The exogenously specified signal structure and
the endogenously determined equilibrium process jointly determine whether agents can perfectly infer past
shocks in the economy. Note that, once aggregate shocks are known, idiosyncratic shocks are also known since

B(L) has been assumed to be invertible.

With the general information structure, we can no longer provide a simple partition of the parameter space
into invertible and non-invertible regions as in Proposition 3.1. However, the basic insight derived in Section 3

remains true.

Theorem C.1. There exists a € (—1,1) such that, if « > @, the equilibrium is not invertible.
Proof. See Appendix C.3. o

The exact threshold @, above which the equilibrium is not invertible, depends on the details of the infor-
mation structure. Independent of these details, however, such a threshold always exists. As in Section 3, if the
degree of strategic complementarity is high enough, the equilibrium is not invertible. Under this more general
information structure, however, the aggregate action may contain information on the aggregate fundamental
as well as the common noise. The degree of strategic complementarity affects the invertibility of the joint

dynamics of aggregate actions and public signals.

There is a sense in which the information structure we set up in this section is too general. In the following
example, we consider a simplified structure that encompasses many used in the literature. Directly, it allows
for the introduction of public signals to the monetary model from Section 3. We also allow agents to have
idiosyncratic fundamentals which they observe with arbitrary precision. Hence, it also encompasses the
information structure in the business-cycle model from Angeletos and La’O (2010) (with the addition of the
observation of past aggregate outcomes). With this simpler structure, we can characterize in more detail how

public signals affect information aggregation with takeaways that are still broadly applicable.

Example: how publicsignals affectinvertibility. Suppose the best response function is given by equation
(C.1) with the individual fundamental, ¢;;, and the aggregate fundamental, &;, satisfying

it =& +wiy, wi~NQO,1;"), and & =d(L)n, 1 ~N(QO,1),
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for some arbitrary d(L) with the normalization dy = 1. For simplicity we set ¢ = 1 — a. Every period, agent i

observes last period’s aggregate action, a;-1, a private, and a public signal,
xip =&+, up ~NO,1;"), and z =& +e&, & ~NO ;).

In this setup, we can establish the following proposition which provides an explicit condition for invertibility.

The proof of it also serves as a sketch of the proof of Theorem C.1.

Proposition C.1. The equilibrium is invertible if and only if every root of the function I'(z)

at, + Te
Ty +Tow+ (1 —a) 7, (Te + 7o)

I(z) =d(z) - (C3)
lies outside the unit circle, which is not the case for a high enough. In particular, if the fundamental follows an AR(1)

process, with d(L) = 1/(1 — pL), it is necessary and sufficient for invertibility that

P(Tu +Tw)

<1- .
@ Tu(1+p+ 7 +70)

(C4)

Proof. Suppose the equilibrium is invertible. Then, agents can infer past aggregate shocks perfectly and the
effect of common shocks on the aggregate outcome can only be transitory. It follows that, the impulse response
of the aggregate outcome to any common shock only differs from that of the aggregate fundamental, &;, on

impact. Accordingly, the law of motion of the aggregate outcome can be expressed as

ap = gyne + et +(d(L) — D)ny.
———
impact effect

To verify if the equilibrium is indeed invertible, we need to check the condition in Lemma C.1, which, in this
case, reduces to checking if any of the roots of

I(e) = (o) - o, )

&

are inside the unit circle. The impact effects

_ (1-a)t,(1+74) + Te(Te + T)
(1-a)tu7e + 1+ 1) (T4 + 7o)’

Ts(Ta) + aTu)
1-a)tute + 1+ 7)1 + T0)”

1 and g, = (C.6)
can be obtained by solving a simple static forecasting problem. Then, equation (C.3) follows from substituting
equation (C.6) into (C.5). Next notice that, as « increases towards 1, equation (C.3) converges to d(z) — 1 which
has root zero, since dy = 1. Hence, since the roots of a polynomial are a continuous function of its coefficients,
there exists some o € (—1,1) such that, for all « > @, this equation has an inside root and the equilibrium
cannot be invertible. Moreover, condition (C.4) follows immediately from solving for the root of equation (C.3)

and requiring it to be outside the unit circle. ]

Two opposing forces. How does the precision of the public signal, 7., affect invertibility? Note that in the
proof of Proposition C.1, the root of evil that causes non-invertibility is that % — 0 when the magnitude of
a approaches to zero. In general, the equilibrium is more likely to be invertible, or I'(z) less likely to have an
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inside root when i:—gz is relatively large. This observation suggests that intuitively, a higher 7. has the following

two opposing effects:

1. The extra precision leads to a better estimate of the fundamental and a stronger response to the funda-

mental, a higher - This tends to make the equilibrium invertible.

2. The response to the common noise, g., also increase since agents rely relatively more on the public signal
z¢. This makes the information content of the aggregate action a;_1 closer to that of the public signal z;.
Put differently, there is less differential information contained in the aggregate outcome in comparison

with the public signal, and this tends to make the equilibrium non-invertible.

To further appreciate this last point, consider the special case in which d(L) = 1/(1 — pL) and 1, — co. The
information structure, then, reduces to the one from Section 3 with the addition of a public signal. In this case,
the invertibility condition (C.4) becomes

p

a<l-—,
Tu

which is identical to condition (7). This may seem puzzling at first, as the precision of the public signal plays
no role in determining invertibility. However, this is because the two forces discussed above exactly cancel
each other. In the extreme, when 7. goes to infinity, agents can infer the fundamental almost perfectly using
the public signal. On the other hand, they correspondingly discard their private signals, and the aggregate
outcome contains no more information than the one already obtained with the public signal. These effects

cancel, leaving open the possibility that the equilibrium is not invertible.

In contrast, when 7,, is finite, agents always use their private signals to learn about their idiosyncratic
fundamental. It follows that the aggregate outcome necessarily aggregates the information contained in
private signals, which differentiates itself from the public signal z;. The two forces do not cancel each other,
and the precision of the public signal, 7., does matter for the determination of invertibility.

C.2 Forward Complementarities

The best-response function in equation (C.1) only allows for static strategic complementarities, that is, agent i’s
action depends on the current aggregate action. Here, we extend the analysis to allow for arbitrary forward-
looking complementarities, that is, agent i’s action can depend on future aggregate actions or on their own

future actions in a flexible way. We consider the following best-response function,
aip = QEit[Sit] + aBit[ar] + B[y (L)ar] + Eit[B(L)ait], (C7)

where

y)= Y L™, BLy= ) B, and al+ Y@ +IBD < 1.
k=1 k=1

and we impose a relatively weak condition on the parameters that guarantees existence of the equilibrium.?

Even though the model structure is more sophisticated, it turns out that when the equilibrium is invertible,

the general best-response function in condition (C.7) collapses to the static best response in condition (C.1) with

?In these conditions, ||-|| denotes the operator norm.
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a modified fundamental, as forward-looking higher-order expectations collapse to first-order expectations in

this scenario. The following proposition formalizes the required transformation.

Proposition C.2. Ifthe equilibrium is invertible, then the actions under best response (C.7) are observationally equivalent
to those under the following transformed best response
1-a

ait = QB[] + aBular],  with  &ir = 3——— D=FD Eit-

Proof. See Appendix C.4. o

With this transformation, Theorem C.1 can be applied to the general class of best-response functions
described by condition (C.7). The fact that there are forward complementaries does not change the fact that
there always exists a threshold level for the degree of static strategic complementarity, «, such that, if « > «,

the equilibrium is not invertible.

The effects of forward complementarities on the invertibility of the equilibrium, however, are not as simple
as in the static case. In Appendix C.5 we provide an analysis of the invertibility condition with an ARMA (1,1)
fundamental process, which is fairly complicated as it hinges on the interaction between the fundamental and
the coordination structure. In Appendix C.6, we show how Theorem C.1 can be further extended to economies
with both forward and backward complementarities which encompasses many environments considered in
the DSGE literature.

C.3 Proof of Theorem C.1

Suppose that when a = 0 the equilibrium is invertible, otherwise the result is trivial. Section C.3.1 characterizes
the equilibrium assuming invertibility. Using this characterization, Section C.3.2 takes the limit as « increases
to 1 and shows that in it the equilibrium cannot be invertible.

C.3.1 Solution Assuming Invertibility

Suppose that the equilibrium is invertible, then the information set of agent i in period f is given by 1;; =

{Xit, Z¢, Me-1, Wic-1}h—_o. Moreover,
Eit [&it] = E[d(L)n: + e(L) wit| L] = (d(L) — do) ¢ + doE [ne] i ] + (e(L) — o) wir + €0 E [wit| L],
Eit [a:] = E[g(L)n:|Zit] = (9(L) — go) mt + go E [ | i ] -

Moreover, since

xit — (A(L) — Ag) ¢ — (B(L) — Bo) wir = Agms + Boujr, and z; — (C(L) — Co) nr = Cony,
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it follows that Agn; + Bou;; is a noisy signal about 7; and w;;, and Cy is a noisy signal about 7;, which allows

us to calculate

-1

2 2 2
E[m|Zit] = [EZAT x2CT ] AL A) +BoXB)  AoZiCy|  |Aom: + Bouir
T amar aEc] | om
-1
2 2 2
E[ui| L] = [ZZBT 0] AOZ”AJ * BOE”BJ AOET}CJ Aon: + Bouit .
o CoZAg CoxiCy Cone

Therefore,
ait = ¢ (d(L) — do) m¢ + do E [1¢|Zit] + (e(L) — eo) wir + o E [wit|Lit]) + a ((g(L) — go) m: + go E [me|Zit]),
which can be reorganized as
ait = [¢ (d(L) — do) + a (g(L) — go)I mt + ¢ (e(L) — eo) wit + (pdo + ago) E [n|Lit] + peok [wit| L] -
Consistency requires, in particular, that

g(L) = ¢ (d(L) — do) + a (g(L) — go) + (do + ago) k1Q + peok ),

where
AoZ2AT + BoZ2B! A r2CT| |A
k= [2A7 22¢7|, k=|22B7 o], and @ 70T TR om0\ 0
CoX2A] Cox2Cy| | Co

We can rewrite the equation above as
(1 - a) g(L) =@ d(L) + ((pdo + Olg()) (k]Q — I) + (peokzﬂ

It is useful to replace the lag operator in this equation with an arbitrary complex number z. Evaluating this

equation at z = 0, for instance, implies the following equilibrium condition,
90 = ¢ (dok1 + eok2) Q (I — k1) " .

Notice that, using the block-matrix inversion formula, gy can be rewritten as

dOE+go(d0(I—E)D+eoF)Za7 [(I-E)DI-E)], (C.8)
j=0

90=1_a
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where
-1
D=22A7 (Ao (1-E) AT +BoZ3B]) Ao,
-1
E=XiC] (CEic]) <,
-1
F=X2B] (Ao (1-E)E2AT +BoX2B]) Ao,

and we have used the fact that E is idempotent. Finally, substituting the expression for gg into the equation for

g(z) we obtain
9(z) = g0 + To—(d(z) - do).

C.3.2 Taking the Limit as a Increases to 1

Let
1-«a

9(z) = go +d(z) - do,

so that

9(z) = To—g(z),

.
and notice that this is well defined for all @ < 1 and that, if lim,_,1- det [C(z) g(z)] has an inside root, then

.
there exists a < 1 high enough such that det [C(z) g(z)] is well defined and has an inside root. It is, in fact,
sufficient to show that .

lirrll_ det [Cy go] =0.

Accordingly, using equation (C.8) we have that

1-«a

g0 = doE + lim (1~ a) (do (I~ E)D + eF) Z d [I-E)DI-E)].
j=0

lim gop = lim
a—1- a—1-

In order to proceed, it is useful to establish the following lemma.

Lemma C.2. The matrix (I — E) D (I — E) has all eigenvalues in [0, 1).

.
Proof. Notice that (I - E) £2 is symmetric, so that ((I _E) ):,2]) = (I-E)Z2 LetM = Ag (I - E)E;and N = BoZ,,
then it follows that

MM" = Ag(I-E) L, (I-E)L,)" AJ
T
= A 1-B)Z, (1-B 2E) A7
-
= A (1-B)L,3 (1-B)22) A]
=A)(I-E)I7A].
Therefore

(I-E)D(I-E)=3,M" (MM" +NN")"' M3, ",
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so that (I - E)D (I — E) is similar to M" (MM " + NNT)_1 M. Let n = dim(u;;) and m = dim(7;), then, it follow
that NisnxXxnand Mism —1xm. If n > m,

spectrum (M” (MM +NNT) ™' M) U {0y, 0, } = spectrum (MM" (MM + NN") ')
whileif n < m,

spectrum (MT (MM + NNT)_l M) = spectrum (MMT (MM + NNT)_l) U{01,...,0m_n}.

The matrix MM" (MM" + NN ) s the product of a positive semi-definite with a positive definite matrix, so
must have positive eigenvalues while NN™ (MM + NNT)_1 is the product of two positive definite matrices,

and, therefore, has strictly positive eigenvalues. Finally, since
MM' (MM" +NNT)"' =I-NN" (MM" +NNT) ',
it follows that MM " (MMT + NNT)_1 must have eigenvalues lower than 1. Hence,

spectrum ((I — E) D (I - E)) = spectrum (MT (MM + NNT)_l M)

= spectrum (MM” (MM +NN") ) < [0, 1).

The lemma implies that
D A [I-B)DA-E)Y
j=0
is well defined and finite, so that
lim (1~ a) (do (I - E) D + eoF) D d[1-B)DA-B) =o0.
a— =

Therefore,

lim go = dOE,
a—1-

and, using the definition of E,

-1
g0 = doE2C] (CoEXCT ) Co = aCy,

for some vector a. Finally, notice that

T T
which implies that z = 0 is a root of det [C(z) g(z)] and, therefore, [C(L) g(L)] is not invertible for a close
enough to one (from below).
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C.4 Proof of Proposition C.2

The following lemma establishes a type of law of iterated expectations.

Lemma C.3. If I;; 2 {1, uiz -1 then, for any stochastic variable y; ;+j = f(L)ni+j + g(L)wi i+ = Yoo FsMisj-s +

T=—00/
Z:o:o gsUWit+j—s,
Eit[Beklyipi+jll = Bitlyissi]l,  forallk > 1.

Proof. Let fs =0,and g; = 0, for all s < 0 and note that

Ei t+k [yi,t+j] = Z(.fj—k+s77t+k—s + gj—k+sUi,t+k—s) + fj—k(anHk + Huui,t+k) + gj—k(Pr]TIH—k + Pyuiiir),
s=1

where we have used the fact that: (1) E; r4x[nt+j] = Eitx[wisej] = 0, for j > k; (2) E; t4x[n+j] = mt+j, and
Ei,t+k[ui,t+j] = Ui, t+j, fOI‘j < k; and (©)] Ei,t+k[nt+k] = Hrﬂ’lt+k + Hyuit 4k, and Ei,t+k[ui,t+k] = Pnnt+k + Puttirik,

for some constant matrices H,, H,, Py, and P,,.

In aggregate,

Et+k[]/i,t+j] = Z Si-k+sMt+k-s + fi-kHnntk + gj-k Ptk
s=1

Consider agent i’s the inference in period f,
Ejt [Et+k[yi,t+j]] = Z Fi—smi-s + fi(Hymy + Hyuwit) = Eit[yi 141,
s=1

where the last equality follows from the same three facts listed above (with k = 0). m]

Next, substituting the best-response (C.7) into itself, using the law of iterated expectations, we get

aip = Bu[@&ir + (@ + y(L)as + B(L)@Eir + (a + y(L)ar + p(L)air)],
and iterating on this procedure, using the fact that ||(L)|| < 1 in the operator norm, leads to

and «x(L)= =30

air = Biy[@&i + (@ + x(L))as], where &;= (C9)

%B(L)E”
Notice that kg = 0. Aggregating implies
ay = Ei[is + (a + x(L)as].
Multiplying both sides by x(L) and considering the inference of agent i in period f, we have that,
Bulx(Lar] = Ea (LB pZi + (@ + (L)ay] .

Since the equilibrium is invertible, Z;; 2 {n., wir Mzl so that, using Lemma C.3, it follows that,

Eit[i(L)ar] = Bit[@i(L)Eir + k(L)@ + x(L))a;],
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and, iterating on this procedure, using the fact that ||a + x(L)|| < 1,°> we obtain

k(L) ¢

Eit[x(L)at] = Ej @méit .

The result follows from substituting this fact and the definitions of Eit and (L) into equation (C.9).

C.5 Forward Complementarity Example

Consider the following simple version of equation (C.7),
aip = QEit[Sit] + aBitlar] + yEitlara] + BEitlaira],

and suppose that the equilibrium is invertible. Then, Proposition C.2 implies that this is equivalent to the static

best response
1-a

l-a-(y+pL™

air = QEi[Ei] + aBulas], with & = it

As noted above, we can see that forward aggregate and individual complementarities, controlled by y and f
have interchangeable effects. This property allows us to simplify the analysis since we do not need to distinguish

between the two types of forward complementarities focusing only on their sum.

Next, to be more concrete, suppose that &;; does not depend on idiosyncratic shocks (so we suppress the

notation i) and follows an ARMA(1,1) process,
Er=péraa+ 1 + 01, N~ N(,1),
and that, every period, agent i observes last period’s aggregate action, a;_1, and a private signal,
xXip = & +uie,  uig ~ NO,7,1).

Then, we can establish the following corollary to Proposition C.2.

Corollary C.1. The equilibrium is invertible if and only if

1- v}
‘ a+ 00 +p) where H= —" (C.10)

Pﬂ—a+ﬂy+@%%p+®d—aHA>L 1+,

Proof. It follows from Proposition C.2 that, for any d(L) such that & = d(L)n;, the law of motion for the aggregate

action satisfies,
1-a)L

a)L—(y +p)

where [-]; denotes the annihilator operator, and H = 7, /(1+17,). Let x = (y +8)/(1 - ), replace the lag operator

(L)

+ a(g(L) — go) + agoH.

+

mm=¢[ﬂ_

3To see this, notice that

a+y(L)

a+ Il _,
1-B(D)

lla +x(L)|| = I-{pi

Hsna+ﬂmwu—mmrﬂsmm+y@mm—ﬁ@m4s

where the first inequality follows from Cauchy-Schwarz, the second from the fact that, for any operator T, T < ||T_1 ||,
and the fourth from the assumptions that ||(L)|| < 1, and |a| + ||[y(L)]| + [|B(L)]| < 1.
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in this equation with an arbitrary complex number z, and rearrange to get

zd(z) — kd(x)

po—— + ago(H - 1).

(1-a)g(z)=¢

We can obtain go = @d(x)(1 — aH)™ by evaluating this equation at z = 0, and, then,

p_dE@)-dw)_

l1-a z-x

g(z) =go+
Using the fact that d(z) = (1 + 0z)/(1 — pz), we obtain

Q 1+91<+ 1 (p+0)z
l-px\l-aH 1-a 1-pz

g(z) =

7

which has root
. (1-a)1+ 06x)

T oA—a)1+00) - (p+O)1-aH)

The equilibrium is invertible if and only if this root to be outside the unit circle, that is |z*| > 1. O

It is easy to see from equation (C.10) that the effect of forward complementarities, y + f, on the invertibility
of the equilibrium is ambiguous and depends both on the autoregressive and moving-average parameters, p
and 6. To interpret this condition, it is useful to consider some particular cases. If, for instance, the fundamental

follows an AR(1) process, with 6 = 0, the inequality simplifies to

1-«a

— % 159
ap(l1-H) >

and forward complementarities actually do not matter for invertibility.

To understand this, first let [-]+ denote the annihilator operator which sets negative powers of the lag
operator to zero. Then, because the expected value of future shocks is always zero, we have that, for any

stochastic variable y; ;+; and any j, Eit[yi +] = Eit[[yi++j]+]. When 0 = 0, we have that

1-a 1 1-«a 1

[Et]e = 1—04—()/+,B)L_11_PLm += 1—oz—p()/+ﬁ)1_PLm.

Thus, a change in y + § affects only the variance of the fundamental but not the autoregressive coefficient.
Loosely speaking, when § + y increases, the agent puts relatively more weight on the next period fundamental.
But since Ej;[&41] = pEit[&¢] this amounts to a proportional increase in the aggregate action in every period

which does not affect invertibility.
Things are different if & follows an MA(1) process, thatis, when p = 0 and 0 # 0. In that case, the inequality
simplifies to

|1—a+6()/+/3) o1

01— aH)

so that, if 0 > 0 (< 0) the equilibrium is non-invertible when y + 8 is low (high) enough.* In this case, we have

“More specifically, for 6 > 0, the equilibrium is non-invertible if y + § < (1 - aH) - (1 — a)/6, and, for 8 < 0, if
y+p>-(1-aH)-(1-a)/6.
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Figure 2: Regions of Invertibility with Forward-Looking Complementarities

The only free parameter, 7,, is set to 1.

that
1-«a

[Ee]+ = T-a-(y +ﬁ)L‘l

(1+9L)T]t] =(1—w+911 Nt.

+
Here, it is useful to consider the response of the aggregate action, a;, to a shock to the fundamental, 7;, in period
t = 0, assuming the equilibrium is invertible. Also, for simplicity, suppose that & > 0. Then, an increase in
y + B decreases the response of a9 by an amount proportional to 6. On the other hand, it leaves a; unchanged
since the impulse response of &, for k > 2 is zero, so that forward-looking complementarities do not affect a;
or the action in any further period. It follows that a9/a; decreases, which reduces the signal-to-noise ratio and,
therefore, the informativeness of the observation of a¢ to forecast a1. This, in turn, makes it less likely that the

equilibrium is indeed invertible.

Figure 2 shows how when the sign of the moving average parameter, 0, flips the effect of an increase
in the degree of forward-looking complementarities, § + y, on invertibility. It also illustrates, in accordance
with Theorem C.1 and Proposition C.2, that it is always the case that for a high enough degree of static
complementarity, «, the equilibrium is non-invertible.

C.6 Backward and Forward Complementarities

Section C.2 considers a best response function
aip = QBi[ir] + aBit[ar] + 6(L)Eit[ar] + AL)Eif[air], (C11)

with forward looking complementarities, that is, assuming that 6(L) and A(L) are functions only of negative
powers of the lag operator L. This section handles the cases in which backward complementarities as well.
First, Section C.6.1 discusses the case with only static and backward complementarities. Then, Section C.6.2

deals with the case in which there are both backward and forward complementarities.

air = QEi[&it] + aEBit[ar] + 0(L)Eit[ar] + A(L)Eit[ait],

25



C.6.1 Backward Complementarities

Consider the best response in equation C.11 with only backward complementarities, that is, such that 6(L) and
A(L) only have positive powers of the lag polynomial. Since past aggregate actions have been assumed to be in

agent’s information sets, it immediately follows that
Eitla;—x] = a;_g, forall k > 1. (C.12)

Assume that the perfect information equilibrium,

- d g
T—-a-oL) - ML) "

at

is well defined, that is, that ||a + 6(L) + A(L)|| < 1 in the operator norm.
Proposition C.3. The equilibrium is invertible with the best response
ait = PEit[&it] + aBi[as],

if and only if it is invertible with the best response in equation C.11 with
o(L)= Y 6¢L¥, and A(L)= Y ALK,
k=1 k=1

Proof. It follows from equation (C.12) that the best response with backward complementarities can be rewritten
as
ait = QEit[&i] + aBit[as] + 6(L)ay + A(L)a;.

Analogously to the steps in the proof of Theorem C.1, we obtain the following consistency requirement for the
law of motion of the aggregate action,

g(L) = ¢ (d(L) — do) + a (g(L) — go) + (pdo + ago) k12 + peok2Q + (6(L) + A(L))g(L),
which can be rewritten as
(1-a-06(L) - AL)g(L) = ¢ d(L) + (pdo + ago) (k12 —I) + pekr Q)
Since 09 = Ag = 0, we have that, just as in the proof of Theorem C.1,

g0 = ¢ (doky + eoko) Q (1 — ak1 Q)" .

and it follows that
(L) = (1= a)go + p(d(L) — do)
g T—a—o(L) - A(L)
Let 1
9(z) = —=go +d(z) - do,
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so that
%

—a—0(z) - Az)

g(z) = 7 9(z),

and notice that g(z) is the same as in the proof of Theorem C.1, so that, if the equilibrium is invertible in the static
best response, it remains invertible with any feasible 6(L) and A(L) since, by assumption, ||a + 6(L) + A(L)|| < 1.

If it is non-invertible it remains non-invertible for the same reason. m]

It follows that the result in Theorem C.1 immediately generalizes to settings with backward-looking com-
plementarities. So that, regardless of these complementarities, if the static complementarity, «, is large enough

the equilibrium is not invertible.

C.6.2 Interacting Backward and Forward Complementarities

Next, consider the following best-response function which encompasses most environments considered in the

literature including, for instance, the Euler equation in a New-Keynesian model with capital,
air = QBi[&] + aBit[ar] + yEitlats1] + PEit[airs1] + 0Bit[as—1] + AEi[ajt—1].

Perfect Information Benchmark. It is easy to see that, if agents observe every shock up to the current

period perfectly, the equilibrium must satisfy the following consistency requirement

9(L) — 90

o) = (L) +ag(t) + () 4

) +(6+A)g(L)L,
which, replacing the lag operator with an arbitrary complex number z, can be rewritten as

[-(6+M)z22+(1—a)z - (y + )] 9(z) = pd(2)z = (¥ + B)go.

In order for this equilibrium to exist and be unique, the polynomial on the left-hand side of this equation must
have exactly one inside root, an assumption that we maintain throughout. By inside root we mean that the
root is inside the unit circle in the complex plane. The right-hand side of the equation must be zero at any
inside root of the polynomial at the left-hand side to avoid poles inside the unit circle. This condition is used
to determine gg. With two outside roots, gg is indeterminate so that there are multiple equilibria, and with two
inside roots, g is over-determined so that, in general, an equilibrium does not exist. Let k1 and «; be the inside

and outside roots respectively, then, we would have that, the unique perfect-information equilibrium satisfies

o K dL)L-d(x1)K

_(S+A1_K£1L L—1

In what follows we only consider the set of parameters in which this perfect-information equilibrium exists and
is unique, that is, such that |x1| < 1 and |x3| > 1. We refer to parameters that do not satisfies these conditions
as infeasible. In this setup, we can establish the following result.

Theorem C.2. Suppose that e(L) = e and B(L) = B. For any w1, wy # 0 such that |w1| < 1 and |wz| < 1, there exists

€ > 0 low enough such thatif « =1 — (1 + wiw2)e, B+ y = wi€, and 0 + A = wae, the equilibrium is not invertible.
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Proof. The proof is presented in the next Section C.6.3. m]

This theorem extends the result in Theorem C.1 for the case in which there are both forward and backward
complementarities under the restriction that e(L) = e and B(L) = B. This restriction is not particularly
relevant since most environments considered in the literature do satisfy it. The theorem implies that there
always a region in the space of feasible complementarity-parameters («, y, 8, 6, A) such that the equilibrium is
non-invertible. The reason why it is not enough to take the limit as the static degree of complementarity, «,
increases to 1, as in Theorem C.1, is because, depending on the starting point, that might lead into an infeasible
set of parameters. Hence, the limit must be taken in a careful enough way to guarantee that the region of
non-invertibility is reached without violating feasibility.

C.6.3 Proof of Theorem C.2

This proof follows very similar steps to the ones in the proof of Theorem C.1, for clarity we closely follow
the argument of that proof. Suppose that when a = 0 the equilibrium is invertible, otherwise the result is
trivial. We first characterize the equilibrium assuming invertibility. Using this characterization, we then take

the appropriate limit and shows that, in it, the equilibrium cannot be invertible.

Solution Assuming Invertibility. Suppose that the equilibrium is invertible, then the information set of
t

agent i in period t is given by iy = {11, Wir—1, Tir, 21 }r=_co- We guess (and verify below) that the individual

policy function takes the form a;; = g(L)n: + huj;. Therefore,
Eit [&it] = E[d(L)n: + euit| ;] = (A(L) — do) m: + doE [1¢] L3¢ ] + e E [wir| L3¢ ] ,

Eit [a:] = E[g(L)n:|Zit] = (g(L) — go) m + go E [m¢|Zi¢],

g(L) = (go + g1L)
L

Eit [ait+1] = E[g(L)Nee1 + huira|Li] = ( ) n + g1 E[ne| L],

g(L) = (go + g1L)
L

Eit [ara1] = E[g(L)neaa|Lit] = ( )m + g1 E[melLit],

Eit [ait-1] = E[g(L)ni-1 + hwit—1|Zit] = g(L)ni-1 + huwii -,
Eit [at-1] = E[g(L)nt-11Zit] = g(L)me-1.
Moreover, since

Tt — (A(L) — A()) N = A()’I’]t + BUit, and Zr — (C(L) — CO) N = C()’I]t,
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it follows that x;; — (A(L) — Ap) 7+ is a noisy signal about 7; and w;;, and z; — (C(L) — Co) 7; is a noisy signal

about 7;, which allows us to calculate

-1

E [77t|It] — [ZZAT ZZCT] AOZ%AB— + BE%BT AOEIZ]CE)F AOT]t + Buit
it] =
woEGl ey anial] | am
-1
2 2 2
E [uit|Zit] = [Z2BT 0] AoE2A] +BIZBT  AE2CT| (Ao + Buy, .
' CoZiAg CoZiCy Com

Therefore,

ait =@ ((d(L) = do) nt + do E [n:|L;¢] + e E [wit| Lit]) + a ((g(L) — go) m¢ + go E [1¢]Lit])

+y ((Q(L) ~la “’1”) m +glE[m|L-t]) B ((Q(L) ~la ””L)) m +g1E[m|fit])

+ ((S + A)g(L)Lm + }\hL’U/l‘t,

which can be reorganized as

D)= do)+ ala0) g0+ 0+ ) [ LETDEDD) 1 o giuge |

ajt =

+ AhLui + (pdo + ago + (v + B) g1) E [n¢Zit] + peE [wit| L] .

Consistency requires, in particular, that

o(0) = (dlL) = do) + s (al) =)+ + ) (LD LEDD ) 4 g

+ ((pdo + ago + ()/ + ﬁ) g1) k1Q + (pekzﬂ,

where

AoE2AT + BoZ2BT  Az2CT|
0&n9 0~u P 0&n%-

CoZiA] Cox;CJ

Ag

klz[ZZAT Z%Cg], kzz[EiBg 0], and Q= el
0

n==0

The guess for the policy function can be verified by collecting the terms associated with the idiosyncratic shocks
and noticing that they are zero for any period other than the current one. Thus, we can rewrite the equation
above as

y+ﬁ_6+/\L2
l-a 1-a

1-a) (L - )g(L> = pdLL - (y + B0

+(pdo+ago+(y+ ) g) (ki@ -DL+pekQL  (C.13)

It is useful to replace the lag operator in this equation with an arbitrary complex number z. Evaluating this

equation at different values of z implies conditions that allow for the characterization of the equilibrium.

Solving for g(z). The right-hand side of equation (C.13) must be equal to 0 when evaluated at the inside

root, k1, of the second-order polynomial on the left-hand side of the equation; we denote the outside root by
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K2.> Moreover, the equation must be consistent with the values of gg and g;. Consistency atz = 0,i.e. g (0) = go

is automatic. Next, set z = k1 to get

(1-a)go = pd(x1) + (pdo + ago + (y + ) g1) (k12 = 1) + pek Q.

It follows that
9@ -g e -dx) g
z G+ Yez-—x)(z—Kk2) z-%K2
and since, by definition,
g1 = g(z)—go ’
z z=0

we obtain
90 , ¢ (d(x1) — do)

Q1=K2 v+ B

4

Putting these results together we obtain that

P d(Z)—d(Kl)Z
y+p z-xq

(k2 — 2)g(z) = x2g0 +

7

where
g0 = @ (d(x1)k1 + ek2) Q (I - (a + (6 + A1)k Q).
Notice that, using the block-matrix inversion formula, gy can be rewritten as

_ @
1—(a+(0+A)xy)

90 d(x1)E

+ ¢ (d(x1) I-E)D+eF) ) (a+(6+A)a) [I-EDA-E)Y,
j=0

where
-1
D =x2A] (AO (I-E)E2A] + BoE2B] ) Ao,
-1
E=XiC] (i) @,
-1
F=X2B" (Ao (I-E)L2A7 + Bozf,Bg) Ao,

and we have used the fact that E is idempotent.

(C.14)

Taking the Appropriate Limit. Suppose thata =1—(1+ wiw2)e, y +f = wi€, and 6 + A = wse. It follows

that, foralle > 0,

K1 = w1, K2=a)2_1, and a+(0+A)k1=1-€.

SExplicitly,

C1-a—-1-a) -4y +p)6+A)

T—a++(1-aZ -4y +p)O+A)

K1 and «p =

2(6 + 1) ’ 206+ A7)
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To establish the claim, we consider the limit of

¢ @ dz)-dw) €
(I-wz)e\wr z-—w1 (pgo !

g(z) =

as € decreases towards 0. Let
wy d(z) — d((ul)z L€

g(z) = w1 Z—w a 7
so that
9(z) = ——g(2)
(1 - wpz)e”

.
and notice that this is well defined for all € > 0 and that, if lim._,o+ det ([C (z) g(z)] ) has an inside root,

T
then there exists € low enough such that det ( [C (z) g(z)] ) is well defined and has an inside root. Recall that

|ws| < 1. It is, in fact, sufficient to show that
.
lim det ([c ) go] ) - 0.
e—0t
Accordingly, using equation (C.14) we have that

lim go = lim <go = d(w1)E + lim € (d(w1) (I - E)D + eF) Z (1-¢)/[I-E)DI-E)] .
e—0* e—0t @ e—0*t 0

It follows from Lemma C.2 that

i (1-¢)[I-E)DI-E)J
j=0
is well defined and finite, so that
lim ¢ (d(w) (1~ E)D + eF) > (-e)[1-B)DA-E) =0.
j=0

Therefore,
lim go = d(a)l)E
e—0*t

and, using the definition of E,
-1
g0 = doZ3C] (CoE3CT)  Co = aCy
for some vector a. Finally, notice that

=0,

T T
which implies that z = 0 is a root of det [C(z) g(z)] and, therefore, [C(L) g(L)] is not invertible for € close

enough to zero.
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D. InverTIBILITY IN NEW KEYNESIAN MODEL

Firms: The New Keynesian Phillips Curve. The optimal reset price solves the following problem:

P;,t = arg IrI}aXZ (69)k Ei: [Qt|t+k (Pi,tYi,t+k|t - Pt+kmct+kYi,t+k|t)]
k=0

it

subject to the demand equation, Y; ¢4x = (%)_e Yi+k, where Qy ;1 is the stochastic discount factor between ¢
and t + k, Y;4x and Py are, respectively, aggregate income and the aggregate price level in period t + k, P;
is the firm’s price, as set in period t, Y; ;4 is the firm’s quantity in period ¢ + k, conditional on not having
changed the price since ¢, and mc;,x is the real marginal cost in period ¢ + k. The firm’s discount factor is 6,

and 0 is the Calvo parameter (probability of not resetting price).

Taking the first-order condition and log-linearizing around a steady state with no shocks and zero inflation,

we get the following, familiar, characterization of the optimal reset price:

piy=(1=050) Y (80) Biy [mersk + prol . D.1)
k=0

Suppose that firms observe the aggregate prices up to period t — 1, that is, they observe p'~1, then we can

restate condition (D.1) as
Piy =P = (1-60) 3" (60) By [merak] + ) (60) By [miar] (D2)
k=0 k=0

Since only a fraction 1 — 0 of the firms adjust their prices each period, the price level in period ¢ is given by
pr=(1-0) f p;,di+ Op;-1, and inflation is given by

T =pr—pr1 = (1= 9)/ (P?,t - Pt—l) di.

Define the firm specific inflation rate to be

it =(1-0) (P?,t - Pt—l) :

Then, it follows from equation (D.2) that

T = (1 - 6) ]Ei,t [(1 - 66) mcy + T[t] + (SQEi,t

(1-0) Z (60)F B pa1 [(1 = 560) mcpsran + nt+l+k]] ,
k=0

and we obtain the following beauty contest game, which includes equation (11),

Tl = (1 — 9) (]. — 66) Ei,t [T’I’lCt] + (1 — 6) Ei,t [ﬂt] + (SQEi’t [TC,’,H_l] , with T = / Tt di.
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Households: The Dynamic IS. The consumer’s problem is

1_l

0 c

z t+k

mpx B ST
{Ci,t:Bi,Hl} p 1-=

subject to
Cit + Bit+1 = Re-aBip + i,

where R; and W denote real interest rates and income. At any state, the life-time budget constraint can be

written as

[s]

] 1Rt+] 1

which can be log-linearized into
Z ﬁkci,t+k = Z ﬁkyt+k-
k=0 k=0
Combining this with the log-linearized version of the households’ Euler equation,
cip = Bilcipn] = cBirlre],

and using the market clearing condition, y; = ¢;, we obtain

Cip =—cp Z BYEislresc] + (1-B) Z B¥Eislcisal.
k=0 k=0
Finally, notice this is implied by the following beauty-contest game,

cip = —CPEit[re] + (1 = B)Eis[ct] + BEit[citt1], withey = / cipdi.

Letting mpc = 1 — f§ yields equation (12).

D.1 Invertibility: Proof of Proposition 4.1

Suppose that &; follows an AR(1) process
& =p&1+m + 01, withn ~N(O,1),
and that, besides past prices, firms only observe a private signal about it with precision 7,
Xip =& +ujy, withujp ~N (O, lel) .
Then, it follows from Corollary C.1 that for a best response

ait = QB [&] + @i [ar] + VB¢ [at1] + PEi s [aii41]
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the equilibrium is invertible if and only if

11—«
pa(l—H)

Ty

>1, where H=

C(a)z‘ 1+7,

For positive a and p, the relevant case here, it is easy to see that C(«) is a decreasing function. Hence, higher
degrees of static strategic complementarity make it less likely that the equilibrium is invertible. Since this
controlled by 1 — 6 in the NKPC and mpc = 1 — f in the Dynamic IS, invertibility is less likely for lower 6 and
higher mpc.

E. ApDITIONAL MATERIAL FOR SECTION 4.3

E.1 Recovering Model IRFs via VAR

In Section 4.3.2, we remark on the comparability between the IRFs obtained by Angeletos, Collard, and Dellas
(2020) from the data using a VAR that assumes invertibility and the IRFs from the model in which output is non
invertible. To address this, we make two points here: (1) Even if a multivariate VAR system is invertible, the
conditional response of a single variable to a particular shock can still be non-invertible; and (2) Although our
model implies a non-invertible process for output, a VAR estimation using model generated data can reproduce
the IRF close to the true IRF generated by the model.

First notice that, even though the VAR procedure requires that the variables be jointly invertible with respect
to the identified set of shocks, a single variable may not be invertible with respect to a particular shock. In

the case of Angeletos, Collard, and Dellas (2020), though the system is invertible, this does not imply that the

following auto-regressive bivariate system

Yir—1 +
Yor—1

For invertility of the system we need the roots of the polynomial

conditional response of output to the main business shock has to be invertible. As an example, consider the
[1 —pnLl  p2l }

€1t
~ panLl  1—pnlL||ex
~ (1-puL)(1 - p2nL) - prapn L2’

€1t

Yie| _|p11 P12
Yot P21 P2

€2t

(1= puL)(1 = paoL) — prapnL?,

to be outside the unit circle, while for invertibility of the conditional response of y1; to €1; we need |pa| < 1. It
is easy to find parameters such that the bivariate system is invertible (i.e., {€1, €2: 1L, can be recovered from
{y12, y2c } o), while 14 is not invertible with respect to €1 (i.e., {€1}L,, cannot be recovered from {y1.}..,).

The following matrix of parameters is one example:

P11 P12
P21 P2

| 1/3 2/
|=2/3 32|

The main business cycle shock in Angeletos, Collard, and Dellas (2020) is identified by maximizing the
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volatility of the unemployment rate at a certain frequency. The identification strategy is not directly associated
with an interpretable shock in a micro-founded model such as a TFP shock or a monetary policy shock. Also, the
identification strategy does not impose any assumption on agents’ information sets. Therefore, it could be the
case that the system is invertible from the perspective of an econometrician who observed all the endogenous

variables perfectly, while agents in the model only receive imperfect information as in our model environment.

e 7, mOdle] 1L 7, model
== 1y, : VAR from simul. y, and = == 7 : VAR from simul. y; and m
y; : AR from simul. y;

081

0 5 10 15 20 0 5 10 15 20
Quarters Quarters

(a) response of output (b) response of inflation

Figure 3: Recovering Impulse Response Functions from Simulated Data

Parameters: p = 0.9, a = 0.5, and 7 = 0.25.

In principle, however, it remains unclear to what extent our structural IRF can be recovered from a VAR.
To address this question, we conduct two tests: in the first test, we run the same VAR exercise as in Angeletos,
Collard, and Dellas (2020) on simulated data for output and inflation from our model, and compare the IRFs
with the structural ones. As shown in Figure 3 above, the true IRF (solid blue line) and the response from the
bivariate var (dashed red line) are quite similar to each other both quantitatively and qualitatively, though the
estimated system is invertible by construction. In the second test, we estimate a univariate dynamic system
with only output data generated from our model. The recovered IRF is displayed in the yellow broken line in
Panel 3a, which is also not far from the structural IRF. This suggests that the magnitude of the non-invertibility

in our calibrated model does not significantly affect the recovery of the IRFs from a VAR.

E.2 Quantitative Response of Inflation to a Supply shock

In Section 4.3, we compare the predictions of our model to data on unemployment expectations. Here we
show that we obtain analogous results when we consider the response of the inflation and inflation forecasts
to a supply shock. In the data we consider the shock orthogonal to the main business cycle shock (Angeletos,
Collard, and Dellas, 2020), which drives most of the fluctuation in inflation. Figure 4 presents impulse responses
computed by Angeletos, Huo, and Sastry (2020) using data from the Survey of Professional Forecasts and from
University of Michigan Survey of Consumers.

Relative to the system (13)-(16), here we additionally assume that consumers are not subject to informational
frictions, so that a standard IS curve operates: ¢; = —cE¢[¢pr7; — me11] + E¢[ci41]. Figure 5 presents the results
for the model under the same four information structures considered in Section 4.3. We set the economic
parameters to the same level, and choose the remaining three parameters so that the impulse response of the

model with endogenous information approximates the data from the SPF—the parameters are reported under

35



08r

0.6+

0 5 10 15 20 0 5 10 15 20
Quarters Quarters

(a) inflation SPF (b) inflation Michigan

Figure 4: Responses of Annualized Inflation to Supply Shocks

the figure. In the data, observations occur at a quarterly rate but inflation rates are annualized. In the model,
annualized inflation in period f is equal the sum of current quarterly rate with the preceding three rates. This
explains the initial increasing pattern of the impulse response of the perfect information model, for instance.

Aside from this, all qualitative features noted in Section 4.3 are also observed here.

15

— 7

0 5 10 15 20 0 5 10 15 20
Quarters Quarters

(a) perfect information (b) perfect revelation of past

Quarters Quarters

(c) exogenous information (d) endogenous information

Figure 5: Quantitative Model (Annualized) Inflation

Preset parameters: x« = 0.05, 0 = 0.45, 6 = 0.99, ¢ = 1, mpc = 0.15, and ¢ = 1.5. Calibrated parameters: p = 0.61, 7 = 0.09,
and o, = 14.09.
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