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Abstract

In beauty-contest models with dispersed information, the rational-expectations equilibrium is

a �xed point that involves agents' in�nite higher-order beliefs about economic fundamentals. This

paper shows that the equilibrium policy rule is equivalent to that of a pure forecasting problem

that involves only �rst-order beliefs. This forecast is conditional on a modi�ed information process

which discounts the precision of idiosyncratic shocks by the degree of strategic complementarity.

The result holds for any linear Gaussian signal process (static or persistent, stationary or non-

stationary, exogenous or endogenous), and also extends to models in which agents choose multiple

actions. Theoretically, this result provides a sharp characterization of the equilibrium; practically,

it provides a straightforward method to solve models with complicated information structures. We

use the result to establish general equilibrium properties and apply it to a number of environments

with dynamic information.
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1 Introduction

�It is not a case of choosing those that, to the best of one's judgment, are really the prettiest, nor even

those that average opinion genuinely thinks the prettiest. We have reached the third degree where we

devote our intelligences to anticipating what average opinion expects the average opinion to be. And

there are some, I believe, who practice the fourth, �fth and higher degrees.� � Keynes (1936)

Many economic problems with information frictions can be formalized as a beauty-contest problem.

The e�ects of monetary policy (Woodford, 2003), sentiments driven business cycle �uctuations (An-

geletos and La'O, 2010; Benhabib, Wang, and Wen, 2015), and the optimal degree of transparency

in central bank communication (Morris and Shin, 2002) are some examples. In these beauty-contest

models, a common feature is that agents care about certain pay-o� relevant economic fundamentals,

and due to strategic complementarity,1 about others agents' actions and beliefs as well.

As originally emphasized by Keynes (1936), in these beauty-contest models with asymmetric infor-

mation, agents need to form not only �rst-order beliefs about economic fundamentals, but also all

levels of higher-order beliefs. The dependence on the action, and therefore beliefs, of others makes

it necessary to infer others' beliefs about others' beliefs, and so on. On one hand, it is believed that

these higher-order beliefs introduce interesting dynamics, which can be helpful to account for certain

patterns in the data. On the other hand, they are typically di�cult to characterize. In this paper,

we show that in a large class of models, in fact, agents' behavior in equilibrium can be equivalently

represented by a particular �rst-order belief. In Keynes' language, our results imply that the nature

of the optimal strategy, in a sense, is still to choose the prettiest based on the best of one's judgment.

The rationale for this equivalence can be understood in a simple static setting in which all shocks are

i.i.d. First, imagine that agents solve the simple problem of forecasting the economic fundamental

having received a public and a private signal about it. Then, Bayesian inference implies that the

relative weights put on the public and private signals be proportional to their precision. Relative

to this pure forecasting problem, an agent in a beauty contest, due to strategic complementarity,

also needs to forecast the average action in the economy. The public signal is more useful for that

purpose. As a result, the optimal strategy in a beauty contest is to assign additional weight to the

public signal, or discount the private signal. This policy rule, under-weighting private signals, turns

out to be exactly equivalent to that of the initial pure forecasting problem with the precision of the

private signal reduced by an amount proportional to the degree of strategic complementarity.

In this paper, we formalize and generalize this equivalence to dynamic models with an arbitrary

number of Gaussian shocks (idiosyncratic or common) and any linear signal process (static or per-

1We formulate our argument based on the case with strategic complementarity most of the time, but our results
extend to the case with strategic substitutability.
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sistent, stationary or non-stationary, exogenous or endogenous). For this purpose, we �rst de�ne an

α-modi�ed signal process, where α denotes the degree of strategic complementarity between agents'

actions. In this modi�ed signal process, the precision of all idiosyncratic shocks is discounted by α,

while those of common shocks remain the same. We then de�ne an auxiliary model, in which agents

only forecast economic fundamentals and completely disregard others' actions. In this simple fore-

casting problem, agents' inference is conditional on the α-modi�ed signal process, and their action

depends only on �rst-order beliefs about economic fundamentals.

We prove the following equivalence results that link the simple forecasting problem with the original

beauty-contest model:

1. [Theorem 1] The equilibrium individual policy rule in the beauty-contest model is the same as

the policy rule in the simple forecasting problem conditional on the α-modi�ed signal process;

2. [Corollary 1] The equilibrium average action in the beauty-contest model is the same as the

average �rst-order belief in the simple forecasting problem;

3. [Corollary 2] A geometrically weighted sum of all the higher-order beliefs is equivalent to the

�rst-order belief conditional on the α-modi�ed signal process.

Result 1 yields a sharp characterization of the equilibrium in beauty-contest models. Agents' policy

rules are nothing but the forecast of the exogenous economic fundamental. The �xed point problem

which results from the interaction between rational agents boils down to a single agent problem.

Thus, agents in the model can use a simple rule to avoid calculating all higher-order beliefs. In

particular, this weakens the argument for bounded rationality that follows from the complexity of

higher-order beliefs; our result implies that the optimal strategy implies a rule of thumb no more

complex than that of a simple forecast.

Compared with the previous two-signal example, Result 1 highlights that the key determinant of the

policy rule is not the distinction between private and public signals, but that between idiosyncratic

versus common shocks. Whenever a signal contains idiosyncratic shocks, this signal is private and

it should be discounted for the lack of a coordination role. If all signals are private signals, then

all should be discounted and the common prior serves as the only public signal. However, a signal

can contain multiple common and idiosyncratic shocks, and the exact extent to which agents should

discount the signal is determined by the α-modi�ed signal process.

Result 2 shows that the aggregate allocation is identical in the beauty-contest models and its cor-

responding simple forecasting problem. This result raises an identi�cation issue. The aggregate

allocation in a beauty-contest model with any degree of strategic complementarity can be replicated

by a simple forecasting model with the appropriate degree of information precision. Aggregate time
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series is, therefore, not su�cient to separate these two models. However, to generate the same aggre-

gate allocation, agents in the simple forecasting model are endowed with less precise private signals,

and their forecast errors and belief dispersion are larger. Therefore, identi�cation can be achieved if

additional cross-sectional moments are available.

Result 3 is independent of any equilibrium concept: it is a property of linear projections. With

persistent information, the forecasts of higher-order beliefs become more and more complicated as

the order increases and their laws of motion require more state variables to describe. Even though the

dynamics of higher-order beliefs can be very di�erent from �rst-order beliefs, our results indicate that

a geometrically weighted sum of all higher-order beliefs is equal to a particular �rst-order belief. If

economists are not interested in understanding each of these higher-order beliefs, then the �rst-order

belief is su�cient to characterize the equilibrium allocation.

We further generalize our results to beauty-contest models with multiple actions. In the existing

literature, most models with dispersed information focus on cases where agents only choose one

action. Yet, in a lot of relevant quantitative applications, agents need to make multiple choices,

which may depend on multiple economic fundamentals and multiple choices made by other agents.

The best response function, then, becomes a multivariate system for a vector of actions, and the

strategic complementarities between actions are now represented by a matrix, instead of a single

number. Let n be the number of actions chosen by each agent, we show that each agent's equilibrium

policy rule is a linear combination of the �rst-order beliefs conditional on the αj-modi�ed signal

processes for j ∈ {1, . . . , n}, where αj is the j-th eigenvalue of the matrix describing the strategic

complementarities. This generalization greatly expands the set of models with dispersed information

that can be analyzed. In contrast with models with a single action, besides the volatility and

persistence of each action, one can also explore properties of the joint distribution of di�erent actions.

The equivalence results allow us to characterize the equilibrium of a rational-expectations model

by looking at the statistical properties of the forecast about the fundamental and several general

features can be established. For example, with a common-value best response function we show that

the variance of the aggregate action and its covariance with the fundamental are both decreasing

in the degree of strategic complementarity. With an independent-value best response function, the

previous comparative statics holds only if the degree of strategic complementarity is strong enough.

As discussed in the comprehensive survey by Angeletos and Lian (2016b), incomplete information

may amplify or attenuate the volatility of the aggregate action; we provide a su�cient condition for

ampli�cation. Importantly, these results are derived without imposing detailed assumptions on the

information structure, and are, therefore, robust in the sense used by Bergemann and Morris (2013).

We also apply our equivalence results to some classical and new problems with dynamic information

including inertia, transition, oscillation, and synchronization. First, Woodford (2003) shows that

4



the inertia of higher-order beliefs can be helpful in accounting for the hump-shaped response of

aggregates to monetary shocks. By our equivalence result, we know that the equilibrium response in

this model can be viewed as the result of a simple �rst-order forecasting problem. In this forecasting

problem, a hump-shaped response arises if signals are su�ciently noisy. Given our mapping between

the forecasting problem and equilibrium of the higher-order belief game, this low precision can

be generated by a high degree of strategic complementarity. Second, we show that the potential

detrimental e�ect of increasing the precision of public information, which Morris and Shin (2002)

prove in a static setting, extends to dynamic models when comparing steady state welfare. The

result is actually strengthened in the sense that a more persistent fundamental leads to a wider

range of public information precision levels for which more precise information can be detrimental.

However, we also show that comparing steady states can be misleading since welfare can be improved

for quite a long time during the transition before decreasing towards a lower steady state. Third,

we show that actions can oscillate around the fundamental (in a similar way to Rondina and Walker

(2014)). In contrast with the �rst application where the relationship between inertia and the degree of

strategic complementarity is monotonic, we show that there is an inverse U-shaped relation between

the magnitude of oscillation and the degree of strategic complementarity. Fourth, in a multi-action

beauty-contest model, we show that the correlation between actions can change with the degree of

information frictions, and even have its sign �ipped. This result can be useful in explaining the

cyclicality of certain aggregate variables.

Methodologically, our results lead to an easy and straightforward way to solve beauty-contest models.

Given the processes for economic fundamentals and the signals, the α-modi�ed signal process is well

de�ned and the forecast rule of the economic fundamental in the simple forecasting problem can

be obtained via the Kalman �lter. No matter how complicated the system is, given its state space

representation, standard algorithms can be employed. This is particularly useful for quantitative

applications because the Kalman �lter is fast and robust to implement.

Related Literature Our results complement a large literature on dispersed information and im-

perfect coordination. The classical papers that explore the general properties of beauty-contest

models include Morris and Shin (2002), Angeletos and Pavan (2007), and Bergemann and Morris

(2013). Our paper builds on this literature and provides a novel characterization in a general dynamic

information setting. In terms of more applied work, this paper is related to any macroeconomic model

where the equilibrium conditions can be represented by some variation of a beauty-contest model.

For example, Angeletos and La'O (2010), Benhabib, Wang, and Wen (2015), Venkateswaran (2014),

Angeletos, Collard, and Dellas (2014), Bergemann, Heumann, and Morris (2015), and Chahrour and

Gaballo (2016) explore the role of dispersed information in shaping aggregate �uctuations; Woodford

(2003), Hellwig (2005), and Hellwig and Venkateswaran (2009) focus on monetary economies. Our

equivalence results apply to these models, and provide new insights on issues like inertia, volatility,
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and co-movement. Because of the generality of our results, a number of lessons can be learned with-

out particular assumptions on the information structure. Moreover, our results can potentially be

applied to models with endogenous information acquisition, such as Hellwig and Veldkamp (2009),

Ma¢kowiak and Wiederholt (2009), Myatt and Wallace (2012), and Pavan (2016).

This paper also contributes to the literature on the methodology of solving models with dispersed

information. If the source of information is exogenous, this paper delivers the solution without the

need to solve a �xed point problem: the policy rule can be obtained from a straightforward linear

forecasting. The guess-and-verify approach used in Woodford (2003) and Angeletos and La'O (2010)

is useful for some relatively simple signal processes, but our equivalence results provide a simpler

and much more general way to deal with this type of problem. Huo and Takayama (2017b) can also

solve beauty-contest models directly, but their method relies on the frequency domain techniques

and the computation is more intensive. This paper stays in the time domain, allowing the use of

the Kalman �lter which is easier and faster to implement. However, the equivalence results only

work for beauty-contest type models, while the method in Huo and Takayama (2017b) works for

any linear-Gaussian model. If information is endogenous, obtaining the signal process requires a

recursive algorithm that solves the exogenous information equilibrium repeatedly by guessing and

verifying the law of motion of the endogenous variables that appear in the signals. In each iteration

the algorithm needs to solve an exogenous information equilibrium, and the equivalence results in

this paper provide the fastest way to �nd the equilibrium. Note that this is a di�erent approach

from the one developed in Nimark (2014), in which the the equilibrium is approximated by a �nite

number of higher-order beliefs.

The rest of the paper is organized as follows. Section 2 explains the equivalence result in a simple

static model. Section 3 sets up the environment and de�nes equilibrium. Section 4 proves the

equivalence results for the model with a single action, uses them to establish general properties of

the equilibrium, and provides several applications. Section 5 extends the equivalence result to models

with multiple actions and Section 6 shows how it applies to models with endogenous information.

Section 7 concludes.

2 A Motivating Example

To illustrate the basic idea and motivate our general result, we start from the static beauty-contest

model considered in Morris and Shin (2002). The economy consists of a continuum of agents, indexed

by i. Individual agent's best response yi is a weighted average of her forecast of an exogenous

fundamental θ, and the aggregate action y, that is

yi = (1− α) Ei[θ] + α Ei[y], (2.1)
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where

y =

∫
yi. (2.2)

The parameter α controls the degree of strategic complementarity (α > 0) or substitutability (α < 0).

The operator Ei[·] denotes the expectation conditional on agent i's information set, which includes

a public signal z and a private signal xi about the exogenous fundamental θ,

z = θ + η, η ∼ N (0, τ−1η ), (2.3)

xi = θ + νi, νi ∼ N (0, τ−1ν ). (2.4)

Here, η and νi stand for public and private noise, and τη and τν are their respective precisions. This

is a one-shot game, and we assume that the agents have an improper prior about θ.

A useful way to understand the logic behind agents' actions is to examine their higher-order beliefs.

De�ne higher-order beliefs recursively in the following way:

E0
[θ] ≡ θ, and Ek[θ] ≡

∫
Ei
[
Ek−1[θ]

]
.

By consecutive substitution of equations (2.1) and (2.2), we can write agent i's action as a weighted

average of her higher-order beliefs,2

yi = (1− α)
∞∑
k=0

αk Ei
[
Ek[θt]

]
. (2.5)

One can immediately see that an individual agent's optimal action depends not only on her own

assessment of the fundamental, but also on her expectation about the average assessment of the

fundamental, and so on. This is the original idea put forward by Keynes about the nature of beauty-

contests.

Under the normality assumptions made above, all the higher-order beliefs can be written as linear

combinations of the signals. It is, then, straightforward to de�ne the Bayesian-Nash equilibrium of

this economy:

De�nition 2.1. Given the signal process (2.3)-(2.4), a Bayesian-Nash equilibrium is a policy rule

2To see this, note that

yi =(1− α)Ei[θt] + αEi[y] = (1− α)Ei[θ] + αEi
[∫

(1− α)Ej [θ] + αEj [y]

]
=

=(1− α)Ei[θ] + α(1− α)Ei
[
E1

[θ]
]

+ α2Ei
[∫

Ej [y]

]
= · · · = (1− α)

∞∑
k=0

αk Ei
[
Ek[θt]

]
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h = {h1, h2} ∈ R2, such that

yi = h1z + h2xi

satis�es equations (2.1) and (2.2).

The method of undetermined coe�cients yields the following equilibrium policy rule:

yi =
τη

τη + (1− α)τν
z +

(1− α)τν
τη + (1− α)τν

xi. (2.6)

This policy rule has the property that agents put relatively more weight on the public signal when

the degree of strategic complementarity, α, is higher. The reason is that the public signal is more

informative about the aggregate action and has an additional coordination role. A higher α implies

that agents have a stronger incentive to be closer to the aggregate action, and therefore rely less on

private signals.

For comparison, the forecast about the fundamental is

Ei[θ] =
τη

τη + τν
z +

τν
τη + τν

xi, (2.7)

where the weights on the public and private signal are proportional to their relative precisions.

Equivalence Result The equilibrium policy rule (2.6) resembles the simple forecast rule (2.7) of

the economic fundamental. They di�er only with respect to the precision of the private signal noise.

De�ne the following modi�ed signals

z = θ + η, η ∼ N (0, τ−1η ),

x̃i = θ + ν̃i, ν̃i ∼ N (0, ((1− α)τν)−1),

with the precision of the private signal noise discounted by the degree of strategic complementarity

α. Let Ẽi[·] denote the expectation conditional on the modi�ed signals. The coe�cients of the

equilibrium policy rule, {h1, h2}, can be obtained immediately by solving the problem of forecasting

θ given the modi�ed signals, which leads to

Ẽi[θ] =
τη

τη + (1− α)τν
z +

(1− α)τν
τη + (1− α)τν

x̃i = h1z + h2x̃i.

The agent's optimal strategy is similar to a simple forecast of the fundamental. The equivalence

between equations (2.5) and (2.6), implies that the geometric sum of an in�nite number of higher-

order beliefs is equivalent to a �rst-order belief with a modi�ed signal process. In Keynes' language,

they should still choose the prettiest woman based on their own judgment, but downplay their own
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personal taste according to the strength of strategic complementarity.

3 Preliminaries for a General Beauty-Contest Model

In this section we introduce a dynamic setting with a much richer information structure and more

�exible best response function in which, in the following section, we prove the equivalence result.

3.1 Beauty-Contest Model

Best Response Denote agent i's action in period t by yit. For presentation purposes here we only

consider the case in which the action is univariate. In Section 5 we extend this model to allow for

multiple, and possibly correlated, actions. The best response function is similar to the one used in

Section 2,

yit = (1− α) Eit [θt] + α Eit [yt] , (3.1)

where

yt =

∫
yit, (3.2)

and with the parameter α again controlling the degree of strategic complementarity.3 To guarantee

the existence and uniqueness of the equilibrium, we assume that the degree of strategic complemen-

tarity is bounded.

Assumption 1. The degree of strategic complementarity α ∈ (−1, 1).

Information Structure Next we specify the stochastic process for the economic fundamental and

the signal process through which the agents learn about it. Throughout, we consider the following

signal process with discrete time. In period t, agent i observes

xit = Mt (L) εit, (3.3)

where the signal xit is an n × 1 stochastic vector, the shock εit is an m × 1 stochastic vector, and

Mt(L) is an n×m polynomial matrix in the lag operator L, which can be time dependent. We make

the following assumptions about the signal process.

Assumption 2. The polynomial matrix Mt(L) satis�es

Mt(L) =
∞∑
τ=0

Mt,τL
τ ,

3Bergemann and Morris (2013) consider a best response function in the form of yit = k + r Eit [θt] + s Eit [yt].
Including a constant term k is straightforward and does not a�ect agents' inference problem. In Section 4.2 we extend
the result for the case in which r 6= 1− s, in particular.
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where each element of {Mt,τ}∞τ=0 is square-summable. That is, every element of Mt(L) represents a

stationary stochastic process.

The elements of εit are uncorrelated normal shocks. The covariance matrix of εit is denoted by Σ2,

where Σ = diag (σ1, σ2, . . . , σm). Further, εit can be partitioned into two parts

εit =

[
ηt

νit

]
,

the �rst u < m shocks, ηt, are common to all agents and the last m−u shocks, νit, are idiosyncratic.

The idiosyncratic shocks are subject to the aggregating constraint∫
νit = 0.

Note that the assumption that the shocks are independent of each other is immaterial since a signal

process with correlated shocks can be rewritten in terms of one with uncorrelated shocks.

For now, suppose that the fundamental θt is driven only by the common shocks ηt, which we refer

to as the common value best response. We relax this assumption in Section 4.2. We also allow the

stochastic process to be time dependent.

Assumption 3. The process of the exogenous fundamental θt is given by

θt =
[
φ′t (L) 0

]
εit = φ′t (L)ηt, (3.4)

where of φt (L) =
∑∞

τ=0φt,τL
τ is a u× 1 vector of polynomials in L and each element of {φt,τ}∞τ=0

is square-summable.

The superscript t denotes the history up to t, for example xti ≡ {xit,xit−1,xit−2, . . .}. Agent i's

information set in period t, Iit, includes the history of observed signals, and also the structure of the

stochastic processes, i.e.,4

Iit = {xti,Mt(L),φt(L)}.

The expectation operator Eit [·] stands for E [· | Iit], and E [·] denotes the unconditional expectation.
Under Assumption 3, agents are not forward looking, and thus whether φt+k(L) and Mt+k(L) for

k > 0 are included in the information set Iit is irrelevant. It also follows that φt(L) and Mt(L) can

change in a deterministic or stochastic way, and that agents only need to know their realizations up

to time t.

4Strictly speaking, the information set also includes the common knowledge about the model's parameters and the
cross-equation restrictions in the equilibrium.
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The information structure we have speci�ed above is quite general. The following examples show

that signal processes commonly used in the literature are special cases of it.

1. Static Case: Suppose that φt(L) = φ and Mt(L) = M, where both φ and M are constants. In

this case, the past signals are not informative about the current fundamental. For example, consider

φ =
[
1 0 0 0

]
M =

[
1 1 0 0

1 0 1 1

] ⇒
x1it = θt + χt

x2it = θt + ξt + uit

where all the shocks, εit = [θt, χt, ξt, uit]
′, follow an i.i.d process. This structure is similar to the

speci�cation in Angeletos and Lian (2016b), and it reduces to the case considered in Bergemann and

Morris (2013) when setting the variance of ξt to zero.

2. Stationary Signal: Suppose that φt(L) = φ(L) and Mt(L) = M(L). In this case, the signal

structure is time independent. For example, consider

φ(L) =
[

1
1−ρ1L 0 0

]
M(L) =

[
1

1−ρ1L
1

1−ρ2L 0
1

1−ρ1L 0 1
1−ρ3L

] ⇒

θt = 1
1−ρ1Lηt

x1it = θt + 1
1−ρ2Lξt

x2it = θt + 1
1−ρ3Luit

with i.i.d. shocks εit = [ηt, ξt, uit]
′. This structure allows a persistent fundamental and persistent

aggregate noise, which can be viewed as variations of the information structure adopted in Huo and

Takayama (2017a) and Angeletos, Collard, and Dellas (2014).

3. Non-Stationary Signal: Since we allow φt(L) and Mt(L) to be time dependent, the signals can be

non-stationary. For example, consider

φt(L) =
[
1 0 0

]
Mt(L) =

[
1 0 1

1 σt 0

] ⇒
x1it = θt + uit

x2it = θt + σt ξt

with i.i.d. shocks εit = [θt, ξt, uit]
′. The time-varying parameter σt allows the precision of x2it to

change over time. This is similar to Fajgelbaum, Schaal, and Taschereau-Dumouchel (2014) in which

the endogenous learning e�ectively generates time-varying informativeness. Also, Perez and Drenik

(2015) explore how higher uncertainty about in�ation in�uences the e�ectiveness of monetary policy

using a similar device. In general, time-varying variances or other structural parameters can be easily

incorporated into φt(L) and Mt(L).
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Another type of non-stationary signal process occurs when one of the random variables has a unit

root. For example, suppose that {θ−1, θ−2, . . .} is publicly known, and from t = 0 on, the signal

structure is given by

∆θt = ρ∆θt−1 + ηt,

xit = θt + uit.

In this case, θt itself is not stationary if one looks forward in time, but at any given time, φt(L) and

Mt(L) are still stationary.5 This speci�cation is similar to the one in Woodford (2003).

Equilibrium We have speci�ed the model environment, and now we are ready to state the de�ni-

tion of equilibrium:

De�nition 3.1. Under Assumptions 1-3, a Bayesian-Nash equilibrium is a time-dependent vector

of polynomial functions, ht (L), such that

yit = h′t(L)xit

satis�es equations (3.1) and (3.2).

This equilibrium can be viewed as an exogenous information equilibrium, in the sense that the signal

process that satis�es Assumptions 1 and 2 does not depend on agents' actions. This speci�cation

allows us to present the equivalence results in a more transparent way. However, this is not to say

that our equivalence results are limited to the exogenous information case. In Section 6 we show

that the equivalence results and their corollaries also hold if information is endogenous.

Higher-Order Beliefs Analogously to Section 2, we de�ne higher-order beliefs in period t recur-

sively as follows,

E0
t [θt] ≡ θt, and Ekt [θt] ≡

∫
Eit
[
Ek−1t [θt]

]
, (3.5)

and by consecutive substitution of (3.1) into (3.2), agents i's optimal action can be expressed as

yit = (1− α)

∞∑
k=0

αk Eit
[
Ekt [θt]

]
. (3.6)

In equilibrium, agents' behavior is a weighted sum of all the higher-order beliefs. Note that this

expression holds regardless of whether the source of information is exogenous or endogenous.

5With θt known for t < 0, it is straightforward to see that φt(L) and Mt(L) both represent �nite moving-average
processes. If θt is unknown for t < 0, we would then need to require that the past signals before t < 0 follow stationary
processes.
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3.2 Simple Forecasting Problem

To de�ne the simple forecasting problem corresponding to a beauty-contest model, we need to �rst

describe the appropriately modi�ed signal process.

De�nition 3.2. Given the original signal process de�ned as in equation (3.3) with Assumptions 1

and 2 being satis�ed, the α-modi�ed signal process is

x̃it = Mt (L) ε̃it,

where

ε̃it ≡ Γεit,

and

Γ =

[
Iu 0

0 1√
1−α Im−u

]
.

Note that the α-modi�ed signal process simply reduces the precision of all the idiosyncratic shocks

νit by a factor of 1−α, and leaves the precision of common shocks ηt unchanged. A public signal is,

by de�nition, one that depends only on the common shocks ηt, and, therefore, is una�ected by the

modi�cation. A private signal, on the other hand, must contain some of the idiosyncratic shocks νit

and is adjusted in the α-modi�ed signal process.

We denote Ẽit[·] to be the expectation operator conditional on the α-modi�ed signal process. The

simple forecasting problem is to forecast the economic fundamental without paying attention to other

agents' action, that is

ỹit = Ẽit[θt].

4 Models with a Single Action

In this section, we connect the beauty-contest model with the simple forecasting problem. We �rst

lay out the main theoretical result, and then proceed to its various applications.

4.1 Equivalence Result

Theorem 1. Under Assumptions 1-3, the equilibrium in De�nition 3.1 exists and is unique. Let

ht(L) denote the equilibrium policy rule, that is

yit = h′t(L)xit.
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Then, the same ht(L) is the forecasting rule of the fundamental θt conditional on the α-modi�ed

signal process,

Ẽit[θt] = h′t(L)x̃it.

Proof. See Appendix A.

Theorem 1 characterizes the individual's policy rule concisely. The equilibrium in the beauty-contest

model involves the following �xed point problem: an agent's action depends on her individual forecast

about the aggregate action, but the law of motion of aggregate action is the result of individuals'

forecasts. Theorem 1 shows that this �xed point problem can be avoided. The policy rule is exactly

the same as the one that solves an exogenous forecasting problem, and the equilibrium of a beauty-

contest model can be viewed as a particular �rst-order belief.

The intuition behind this result is similar to the one from Section 2. A higher α leads to stronger

incentives to coordinate and to less weight put on private signals. In the corresponding simple

forecasting problem Ẽit[θt], to induce the same policy rule, the precision of private signals have to be

discounted by α. Reducing the precision of the private signals increases the relative weight assigned

to public signals in exactly the same way as it does in beauty-contest models. If all signals are private

signals, more weight is put on the common prior.

The beauty of Theorem 1 lies in the fact that this simple equivalence result applies for almost

any signal process. As mentioned in Section 3, the signal process can be univariate or multivariate,

persistent or static, and stationary or non-stationary. In most applications the signal process permits

a state-space representation. If this is the case, the following proposition gives an explicit procedure

for obtaining the equilibrium policy rule using Kalman �lter.

Proposition 1. In addition to Assumptions 1-3, suppose the signal structure allows the following

state-space representation

ξit = Ftξit−1 + Qtεit,

together with the observation equation and the law of motion of the fundamental,6

xit = Htξit,

θt = Gtξit.

6It is common to write the state space as

ξit = Ftξit−1 + Qtεit,

xit = Htξit + Rtεit.

By rede�ning the state variable zit, one can always include the noise in the observation equation as part of the state
variable and set R = 0.
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Then the optimal action is given by

yit = Gtzit,

where the evolution of the su�cient statistics zit follows

zit = (I− K̃tHt)Ftzit−1 + K̃txit,

K̃t = P̃tH
′
t

(
HtP̃tH

′
t

)−1
,

P̃t+1 = Ft+1

[
P̃t − K̃tHtP̃t

]
F′t+1 + Qt+1Γ

2Q′t+1.

The starting point of the recursion at time t = 0 is given by Ei,−1[ξi,−1] ∼ N (µ−1,P−1) and zi,−1 ∼
N (µ̃−1, P̃−1), where

P−1 = F−1

[
P−1 −P−1H

′
−1
(
H−1P−1H

′
−1
)−1

H−1P−1

]
F′−1 + Q′−1Q−1,

P̃−1 = F−1

[
P̃−1 − P̃−1H

′
−1

(
H−1P̃−1H

′
−1

)−1
H−1P̃−1

]
F′−1 + Q′−1Γ

2Q−1,

µ−1 = [I− (I−K−1H−1)F−1L]−1 K−1

∫
xi,−1,

µ̃−1 =
[
I− (I− K̃−1H−1)F−1L

]−1
K̃−1

∫
xi,−1.

Proof. The proof follows directly from Theorem 1 and the time-varying Kalman �lter construction

in Hamilton (1994).

This proposition allows time-varying parameters and non-stationary processes, and therefore can

be used to study transition dynamics. Readers who are familiar with the Kalman �lter should

recognize that the law of motion for the vector of su�cient statistics zit resembles that of the prior

mean of ξit. To convert the system into the α-modi�ed signal process, the variance of the shocks is

modi�ed by Γ2 in the equation for the covariance matrix Pt. To guarantee that φt(L) and Mt(L)

are stationary, the initial P−1 is set to the covariance matrix in a steady state of an ARMA process

(captured by F−1, H−1, and Q−1) for convenience, but one has the freedom to choose the starting

point in other ways, provided that it results from a stationary process. In quantitative applications,

the information structure might be complicated, but even for large scale state-space systems, the

Kalman �lter problem can be solved in a fast and robust way since it involves simply iterating on

the equations above.

In Theorem 1, the equivalence is in terms of the policy rule of an individual agent. By adding up

the decisions across agents, the following corollary shows that the equivalence at the aggregate level

is in terms of allocation.
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Corollary 1. Under Assumptions 1-3, the aggregate action yt in equilibrium in De�nition 3.1 is the

average belief from the simple forecasting problem, i.e.,

yt =

∫
Ẽit[θt] ≡ Ẽt[θt]. (4.1)

Without precise knowledge about the degree of strategic complementarity α, Corollary 1 raises an

identi�cation issue. The aggregate allocation in the equilibrium of a beauty-contest model is indis-

tinguishable from that of a simple forecast model with appropriately modi�ed information precision.

With aggregate time series only, one cannot separate these two models. However, the individual

choices are di�erent,

yit = h′t(L)xit 6= h′t(L)x̃it = Ẽit[θt]. (4.2)

In particular, to generate the same aggregate allocation, the signals in the simple forecasting model

are more dispersed, which translates into larger forecast errors and action dispersion. Therefore,

identi�cation can be achieved if additional cross-sectional moments are available. We discuss this

issue further in the application in Section 4.4.1.

Corollary 2. Under Assumptions 1-3, the forecasting rule of a geometric sum of in�nite higher-order

beliefs about θt, is the same as that of the simple forecasting problem

(1− α)

∞∑
k=0

αk EitE
k
t [θt] = h′t(L)xit, (4.3)

Ẽit[θt] = h′t(L)x̃it. (4.4)

Furthermore, the processes for these two beliefs are the same at the aggregate level,

(1− α)

∞∑
k=1

αk−1 Ekt [θt] = Ẽt[θt]. (4.5)

Proof. Given Theorem 1, equation (4.5) follows straight-forwardly from equation (3.6).

Corollary 2 is a result about linear projections with Gaussian signals, and can be used independently

of any equilibrium concept. It says that a geometric sum of the in�nite higher-order beliefs is

equivalent to a particular �rst-order belief, which is somewhat surprising for the following reason.

As the order of higher-order beliefs increases, they typically become more and more complicated in

the sense that more state variables are required to forecast those higher-order beliefs.7 If one wants

to calculate the in�nite sum in equation (4.5) by computing each higher-order belief independently,

7Loosely speaking, to forecast the beliefs of order k these state variables are the priors about all, economy-wide,
higher-order beliefs with order less than k.
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then an in�nite number of state variables are needed. Corollary 2 shows that a �rst-order belief with

a slightly modi�ed signal process yields the same result.

4.2 Generalized Best Response

So far, we have restricted agents' best response function to depend only on a fundamental that

is common for all agents. In many relevant environments, however, agents' payo�s and decisions

may depend also on idiosyncratic factors, which we refer to as an independent value best response

function. In this sub-section, we show that an analogous equivalence result holds when we allow for

a more general fundamental process.

Particularly, suppose that agents' best response function is given by8

yit = γEit[θit+k] + αEit[yt]. (4.6)

Assumption 4. The process for the exogenous fundamental θit is given by

θit = ψ′t(L)εit,

where of ψt (L) =
∑∞

τ=0ψt,τL
τ is a m× 1 vector of polynomials in L and each element of {ψt,τ}∞τ=0

is square-summable.

The current speci�cation relaxes Assumption 3 in two ways: (1) the fundamental can depend on

both aggregate and idiosyncratic shocks; (2) the fundamental can depend on both past and future

shocks. When the fundamental θit+k depends on future shocks, i.e, if k > 0, it is necessary for

agents to know the relevant signal structure when they make forecasts. This requires an additional

modi�cation about the information set. We assume that

Iit = {xti,Mt+k(L),φt+k(L)}.

Proposition 2. Suppose that Assumptions 1-2 and 4 are satis�ed. Denote the forecast about the

fundamental by

Eit[θit+k] ≡ g′t(L)xit ≡ ϕt + ξit.

There exists a unique equilibrium policy rule ht(L) such that

yit = γEit[θit+k] + α Eit[yt] = γ(ϕt + ξit) +
αγ

1− α
h′t(L)xit,

8One can always set γ = 1− α and de�ne a new fundamental θ̂it+k = γθit+k.
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and ht(L) is the same as the forecasting rule of ϕt conditional on the α-modi�ed signal process,

Ẽit[ϕt] = h′t(L)x̃it.

Proof. Starting from the best response function, it follows that

yit = γ(ϕt + ξit) + αEit [yt] .

Iterating we obtain

yit = γ(ϕt + ξit) + αγ
∞∑
k=0

αk Eit
[
Ekt
[
ϕt
]]
.

By Corollary 2, the in�nite sum of higher-order beliefs can be rewritten as a �rst-order belief

yit = γ(ϕt + ξit) +
αγ

1− α
h′t(L)xit,

where ht(L) is given by

Ẽit[ϕt] = h′t(L)x̃it.

4.3 Volatility, Correlation, and Comparative Statics

In this sub-section, we show that the equivalence result facilitates the exploration of general properties

of the Bayesian-Nash equilibrium without imposing a particular information structure. Analyzing

equilibrium properties typically requires solving a �xed point problem, and this can be burdensome

when the information structure is complicated. Through the lens of the equivalence result, this task

boils down to analyzing a simple forecasting problem. To proceed, we �rst consider a common value

best response function, as in equation (3.1).

Proposition 3. Suppose that Assumptions 1-3 are satis�ed and that the best response is given by

yit = (1− α)Eit[θt] + αEit[yt].

1. The volatility of the aggregate action and its covariance with the fundamental are decreasing in

the degree of strategic complementarity,

∂Var[yt]

∂α
≤ 0, and

∂Cov[yt, θt]

∂α
≤ 0; (4.7)

18



2. The volatility of the aggregate action is lower than the volatility of the fundamental

Var [yt] ≤ Var [θt] . (4.8)

Proof. See Appendix B.1 for the proof.

From the equivalence result it follows that yt = Ẽt[θt]. As α increases, the precision of private signals

decreases, and the forecast is less accurate. Therefore, the volatility of the forecast decreases since

agents become less responsive to signals, and the covariance between the random variable and its

forecast declines. Moreover, equation (4.8) is a direct result of the law of total variance.

Notably, this result applies to a very large class of signal processes. Angeletos and Lian (2016b)

proves similar results under a particular signal structure and suggest they hold in a more general

setting. We show that this is indeed the case. It is worth pointing out that equation (4.7) may not

hold when the source of information is endogenous. In that case a change in α also modi�es the

information structure itself and this can leave the sign of the comparative statics ambiguous. On the

other hand, equation (4.8) holds even in the endogenous information case.

Another widely used best response function is one in which agents observe their individual or local

fundamental perfectly, but are unsure about the aggregate fundamental (Angeletos and La'O, 2010).

Then, agents' best response can depend on their idiosyncratic fundamental θit and be written as

yit = (1− α)θit + αEit[yt], (4.9)

which is a special case of equation (4.6), an independent value best response. The idiosyncratic

fundamental θit is perfectly observable, and agents may also receive information from other sources

that are summarized by the expectation operator Eit[·]. The aggregate fundamental θt is simply the

average of individual agents' fundamentals

θt ≡
∫
θit.

Proposition 4. Suppose that Assumptions 1, 2 and 4 are satis�ed and that the best response is given

by equation (4.9).

1. The volatility of the �rst-order belief about the aggregate action and its covariance with the

fundamental are decreasing in the degree of strategic complementarity

∂Var
[
Et[yt]

]
∂α

≤ 0, and
∂Cov

[
Et[yt], θt

]
∂α

≤ 0.
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2. If α > 0, the volatility of the aggregate action and its covariance with the fundamental are

decreasing in the degree of strategic complementarity

∂Var [yt]

∂α
≤ 0, and

∂Cov[yt, θt]

∂α
≤ 0.

3. If α < 0, the volatility of the aggregate action is greater than the volatility of the fundamental

Var [yt] ≥ Var [θt] .

Proof. See Appendix B.2 for the proof.

To understand this proposition, notice that it follows from the equivalence result that

yt = (1− α)θt + αẼt[θt], (4.10)

and that the economy-wide average belief about yt is given by

Et[yt] = Ẽt[θt]. (4.11)

Equation (4.11) implies that the comparative statics about Et[yt] is analogous to the one from

Proposition 3. By equation (4.10), the aggregate action yt depends on both θt and Et[yt], and
thus the comparative statics for it is more involved. Even though, in general, the volatility and

covariance with θt are in fact decreasing with α, this can only be guaranteed when actions are

strategic complements.

With complete information the aggregate action is simply yt = θt and Var [yt] = Var [θt]. Whether

the response of the aggregate action is ampli�ed or dampened by the introduction of incomplete

information depends on the degree of strategic complementarity α. This is in line with the results

obtained by Angeletos and Lian (2016a) and Angeletos and Lian (2016b) who show that introducing

incomplete information can lead to both rigidity or overshooting. Proposition 4 proves that when

the economy features strategic substitutability, information frictions amplify the volatility of the

aggregate action. For more on this see the application in Section 4.4.4.

We could also apply our equivalence results to the following more general best response function

yit = rEit[θit] + sEit[θt] + αEit[yt].

Here, whether incomplete information ampli�es the aggregate volatility or not relies on the relative

importance of the idiosyncratic versus the aggregate fundamental. If the elasticity with respect to
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the idiosyncratic fundamental is large enough, then information frictions tend to have ampli�cation

e�ects. For example, Venkateswaran (2014) shows that dispersed information actually increases the

volatility of aggregate employment in a labor search model with a similar best response.

Again, we want to emphasize that Proposition 4 is independent of the details of the information

structure. The only assumption is that θit is observable. Thanks to the equivalence result, the

analysis of the right-hand side of equation (4.10) can be isolated from other equilibrium objects.

4.4 Applications

We discuss several examples to explain how the equivalence results can be used to characterize and

understand the equilibrium of beauty-contest models with persistent information. The examples are

simple in the interest of clarity and it should be evident from the exposition above that they, by no

means, exhaust the environments in which the results are applicable.

4.4.1 Inertia

Dispersed information and higher-order beliefs can generate inertia in agents' response to shocks.

Woodford (2003) highlights that higher-order beliefs are capable of generating hump-shaped re-

sponses of in�ation and output to a monetary shock. In a similar spirit, Angeletos and La'O (2010)

shows that dispersed information generates sluggish response of output to an aggregate productivity

shock. Our equivalence result elucidates the link between information frictions and inertia through

the lens of a simple forecasting problem.

Consider the economy described in Section 3 with the fundamental θt following an AR(1) process,

θt = ρθt−1 + ηt, ηt ∼ N (0, τ−1η ).

Moreover, for simplicity, suppose that agents only receive a private signal about θt, so that the

original signal and the corresponding α-modi�ed signal are given by

xit = θt + νit, νit ∼ N (0, τ−1ν ),

x̃it = θt + ν̃it, ν̃it ∼ N (0, ((1− α)τν)−1).

To characterize the equilibrium of the beauty-contest model, we start by solving the simple forecasting

problem for the α-modi�ed signal process, which can be obtained via Proposition 1,

Ẽit[θt] =
κ

κ+ (1− α)τν
ρẼit−1[θt−1] +

(1− α)τν
κ+ (1− α)τν

x̃it, (4.12)

21



where

κ =
[
ρ2 (κ+ (1− α)τν)−1 + τ−1η

]−1
.

Thus, the optimal forecast is a weighted average of the prior ρẼit−1[θt−1] and the new signal x̃it. The

weight on the signal is the Kalman gain, which we denote by

φ ≡ (1− α)τν
κ+ (1− α)τν

.

By Theorem 1, we immediately obtain the law of motion of the aggregate action in the beauty-contest

model using equation (4.12),9

yt = (1− φ)ρyt−1 + φθt. (4.13)

In response to a shock to θt at time 0, we say that the response is hump-shaped if the change

∆yt ≡ yt − yt−1 is positive for t low enough. It follows from equationn (4.13) that

∆yt = ρt−1
[
(1− φ)t(1− (1− φ)ρ)− (1− ρ)

]
, for all t ≥ 0.

Therefore, a necessary and su�cient condition for a hump-shaped response is

∆y1 > 0 ⇔ φ < 2− 1

ρ
.

The Kalman gain, φ, is increasing in the α-modi�ed precision of the private signal, (1 − α)τν .

Thus, yt has a hump-shaped impulse response to θt if and only if (1 − α)τν , is low enough. A low

enough precision of the private signal implies that most of the variation in the signals are driven by

noise. Hence, upon a shock to the fundamental, agents attribute more of the observed signals to

idiosyncratic noise and underestimate the fundamental initially. With time, agents gradually correct

their estimates and catch up to the true fundamental.

Now turn to the beauty-contest model. Recall that the aggregate action is a weighted average of all

higher-order beliefs,

yt = (1− α)

∞∑
k=1

αk−1 Ekt [θt].

Figure 1A plots elements of this sum in reaction to an impulse to θt. It reveals that as the order

increases, responses of higher-order beliefs become more dampened, and the delay of the peaks

become more pronounced. The aggregate action puts more weight on higher-order beliefs as α

9The individual action is given yit = (1− φ)ρyit−1 + φxit, and the aggregate action can be obtained by integrating
over this equation.
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Figure 1: Higher-Order Beliefs and Inertia

Parameters: τη = 1, ρ = 0.95, τν = 0.25, and α = 0.8.

increases, which makes a hump-shaped response more likely. This di�erent weighting of higher-order

beliefs is equivalent to a reduction in the precision of the private signal. For a �xed τν , the degree of

strategic complementarity ampli�es information frictions.

What determines the aggregate action is (1 − α)τν ; α and τν only appear in this exact format

in equation (4.12). Without precise knowledge about the value of α, inertia can be the result of

strong complementarity (high α) or a large degree of information frictions (small τν). This raises an

identi�cation issue, changing α and τν while keeping (1−α)τν �xed would lead to the same impulse

responses to θt. However, individual actions and information sets are di�erent in these two models.

With additional information on the level and variance of agents forecast errors, for instance, it is

possible to identify these parameters. Figure 1B shows that, even though the two models lead to the

same impulse responses to θt, the distribution of forecast errors (on impact) is signi�cantly di�erent.

4.4.2 Transition

In this section, we explore the transition dynamics of social welfare following a change in the precision

of public information. An interesting point made by Morris and Shin (2002) is that increasing the

precision of public information can reduce social welfare. Angeletos and Pavan (2007) discuss the

social value of information with a more general pay-o� structure. In contrast with previous studies

that focused on the static case, here we consider a dynamic fundamental. We �rst show that the result

from Morris and Shin (2002) is strengthened when the fundamental is more persistent. However, this

is based on a comparison between steady states, which can be misleading in dynamic settings. To

make this point clear, we provide an example in which, even though increasing the precision of public

information eventually decreases welfare, welfare is improved for a long time during transition.
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Consider a fundamental that follows an AR(1) process,

θt = ρθt−1 + ηt, ηt ∼ N (0, τ−1η ),

and suppose that agents observe a public and a private signal about it,

zt = θt + εt, εt ∼ N (0, τ−1ε,t ),

xit = θt + νit, νit ∼ N (0, τ−1ν ).

Purposely, we allow the precision of the public signal to change over time. Before we visit the

transition dynamics, we �rst discuss the properties of the social value of information in the stationary

case, i.e., with τε,t = τε. We assume that agents' best response is given by equation (3.1), and that

the de�nition of social welfare is the same as in Morris and Shin (2002). Using the equivalence result,

it follows from Proposition 1 that

W = −E
[
(yit − θt)2

]
=

τη

(
(1− α)2 τν + τε

)
+ κ2

(τε + (1− α) τν) ((τε + (1− α) τν) + 2κ) τη + (1− ρ2) τηκ2
, (4.14)

where κ solves

κ =
τη (κ+ (τε + (1− α) τν))

κ+ (ρ2τη + τε + (1− α) τν)
.

To investigate under which conditions increasing the level of public information precision can reduce

social welfare, let τ̂ε be the precision that minimizes welfare,

τ̂ε ≡ min
τε
−E

[
(yit − θt)2

]
.

Using equation (4.14) one can show that ∂W/∂τε < 0 if and only if τε ∈ [0, τ̂ε). Figure 2A shows how

τ̂ε changes with the persistence ρ. Interestingly, as ρ increases, the welfare-reducing region becomes

larger.

However, this result can be misleading. When signals are persistent, following a change to the

precision of public information agents' prior distribution do not change immediately and the economy

can experience a relatively long transition before it converges to the new steady state. During this

process, the dynamics of social welfare can reverse the steady state comparative statics. The left

panel of Figure 2B shows welfare in the steady state for various values of τε. The U-shaped curve

indicate the existence of a welfare-reducing region. In our experiment, there is a permanent increase

of the precision of public signal at time t = 0. As depicted in the �gure, an increase of τε induces a

reduction in steady state welfare. However, if we look at the transition path towards the new steady

state, the message can be quite di�erent. The right panel of Figure 3 shows how welfare changes
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over time. For many periods welfare is actually improved, and the magnitude of the improvement is

larger than the eventual welfare deterioration.
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Figure 2: Welfare Change in Steady State and Transition

Parameters (A & B): τη = 1, and α = 0.85; (B): τν = 0.3, and ρ = 0.95.

Social welfare can be decomposed into

Wt = −E
[
(yit − θt)2

]
= −

(
vt︸︷︷︸

Var(yit)

− 2ct︸︷︷︸
Cov(yit,θt)

+ ω︸︷︷︸
Var(θt)

)
.

The variance of θt is invariant, ω = 1/(1−ρ2)τη, and, using Proposition 1, the dynamics of the other

components of welfare can be written recursively as

vt =
κ2t

(τt + κt)
2 ρ

2vt−1 +
2τtκt

(τt + κt)
2 ρ

2ct−1 +
τ2t

(τt + κt)
2ω +

τt − α (1− α) τν

(τt + κt)
2 (4.15)

ct =
κt

τt + κt
ρ2ct−1 +

τt
τt + κt

ω (4.16)

κt+1 =
τη (κt + τt+1)

κt + τt+1 + τηρ2
(4.17)

with the trigger of the transition coming from the time-varying precision τt ≡ (1− α) τν + τε,t. The

system (4.15-4.17) captures the slow-moving nature of the social welfare. Agents' forecasts rely on

their prior precision about the aggregate state (4.17), which is updated gradually due to Bayesian

learning. The variance of yit and its covariance with the fundamental depend on the precision of

the prior, and thus exhibit persistence as well. The di�erent updating speeds between vt and ct

allows the welfare to increase initially and decrease later on. The takeaway from this example is

that the results derived from a static setting may not readily extend to a dynamic setting since the

25



slow-moving nature of agents' behavior can induce non-trivial dynamics.
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Figure 3: Welfare in Transition

Parameters: τη = 1, α = 0.85, τν = 0.3, ρ = 0.95, τε,0 = 0.001, and τε,t = 0.004, for t ≥ 1.

4.4.3 Oscillation

Another type of interesting dynamics that results from dispersed information is oscillation, i.e., the

successive over- and under-reaction to a shock to the fundamental. For example, Rondina and Walker

(2014) shows that asset prices can oscillate around its fundamental value that can be interpreted as

waves of optimisms and pessimisms. Kasa, Walker, and Whiteman (2014) shows that this mechanism

can be useful in accounting for the excess volatility of prices and returns.

Consider an economy in which agents have the same best response function (equation (3.1)), but

in which the fundamental follows an i.i.d. process, θt ∼ N (0, τ−1θ ). Suppose that agents receive a

private signal about the fundamental that follows an MA(1) process10

xit = θt + λθt−1 + νit, νit ∼ N (0, τ−1ν ).

Again, using Proposition 1, we can obtain the law of motion of the aggregate action,

yt = −λφyt−1 + φ(θt + λθt−1),

where φ denotes the Kalman gain in the corresponding simple forecasting problem11

φ ≡ 2(1− α)τν

τθ + (1 + λ2)(1− α)τν +
√

(τθ + (1− λ2)(1− α)τν)2 + 4λ2(1− α)τντθ
.

10In Rondina and Walker (2014), it is necessary to have a non-invertible MA process in the signal to generate
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Figure 4: Higher-Order Beliefs and Oscillation

Parameters: τθ = 1, λ = 0.9, τν = 12, and α = 0.5.

Figure 4A shows the impulse responses of the aggregate action to a shock to the fundamental θt

together with the associated higher-order beliefs. The i.i.d. fundamental returns to zero in the

second period, but the aggregate action alternates between over-shooting and under-shooting it. The

oscillation is easy to understand when thinking about the �rst-order beliefs about the fundamental.

In the initial period upon the shock, agents tend to under-estimate θ0 because they attribute part

of the positive realization to private noise and to changes of fundamental in the past. Then, in the

next period, their initial under-estimation of θ0 leads to an over-estimation of θ1. This mechanism

reverberates over time, leading to the successive over- and under-estimations of θ. According to the

equivalence result, this implies that aggregate action in the equilibrium of the beauty-contest model

over- and under-reacts to the fundamental shock.

Two additional remarks should be made here. First, Figure 4B shows that the responses of higher-

order beliefs are not uniformly below the ones for lower order beliefs. Thus, the extent to which the

responses are dampened is not monotonically related with the order of beliefs. Indeed, higher-order

beliefs can respond more aggressively than lower order ones. Second, and on a related note, the

magnitude of over-reaction and under-reaction in the impulse response, which is given by∣∣∣θt − Ẽt[θt]
∣∣∣ = (1− φ)(φλ)t−1,

does not change monotonically with the degree of strategic complementarity α, though φ is increasing

in α. To see why this is the case, consider the two extremes. A low α is is associated with high signal

precision in the simple forecasting problem, in which case forecast errors are understandably small.

oscillation. Here, since there is private noise, we can work with an invertible MA process.
11The solution to the corresponding simple forecasting problem is Ẽit[θt] = −λφẼit−1[θt−1] + φx̃it.
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Figure 5: Ampli�cation and Attenuation

Parameters: τη = 1, ρ = 0.95, and τν = 0.25 in the left panel.

If α is high, on the other hand, then most variations of x̃it are attributed to noise, and the reaction,

and therefore over-reaction, is limited. Therefore, the magnitude of oscillation is not monotonic with

α, and an intermediate value of α achieves the maximum amount of oscillation.

4.4.4 Ampli�cation

In the inertia application we showed that dispersed information can dampen agents' reaction to

shocks. As shown in Proposition 4, whether information frictions amplify or dampen the response

crucially depends on whether the primitives feature strategic complementarity or substitutability.

The following example illustrates this result.

Suppose that the best response function is

yit = (1− α)θit + αEit[yt].

and that the aggregate fundamental follows an AR(1) process

θt = ρθt−1 + ηt, ηt ∼ N (0, τ−1η ).

Also, suppose that agents observe no other signal besides their own fundamental θit which follows

θit = θt + νit, νit ∼ N (0, τ−1ν ).

By the equivalence result, the di�erence between the aggregate action and the fundamental is directly
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linked with the forecast error and the degree of strategic complementarity,

yt − θt = α
(
Ẽt[θt]− θt

)
.

Figure 5A plots the impulse response of the aggregate action under both strategic complementarity

and substitutability. In response to a positive shock, agents always underestimate the aggregate

fundamental due to the presence of idiosyncratic shocks. When α is negative, the response of the

aggregate action is above that of the fundamental, which implies that imperfect information has an

amplifying e�ect. Figure 5B shows that the magnitude of ampli�cation is decreasing in α. In line

with Proposition 4, when α < 0, the volatility of aggregate action is ampli�ed. Further, when α is

large enough, information frictions start to dampen the aggregate action.

5 Models with Multiple Actions

In this section we generalize our results to multi-action beauty-contest models. In many relevant

applications, agents need to make multiple choices, each of which may depend on multiple choices

made by other agents in its own way. For example, an employer needs to decide not only how many

workers to hire, but also the number of working hours and the amount of e�ort each worker needs to

exert. A �rm may decide simultaneously the level of production and the amount of resources spent

on advertising. In these situations, the best response becomes a multivariate system for a vector of

actions, and the primitive motive for strategic interactions among agents is summarized by a matrix

instead of a number. We show that a similar, though slightly more complicated, equivalence result

holds in this type of environment.

5.1 Equivalence Result

Consider the environment described in Section 3, but with the following more general best response

function which allows for multiple actions depending on multiple fundamentals:

yit = Eit [θt] + AEit[yt], (5.1)

where θt, yit and yt are `× 1 vectors, with

yt =

∫
yit, (5.2)

and A is an ` × ` matrix. We denote the eigenvalues of A to be α = {αj}`j=1 and in what follows

assume that:

Assumption 5. The matrix A is diagonalizable and all of its eigenvalues are real, Assumption 1
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holds for every αj element of α, and Assumption 3 holds for every θjt element of θt.

The de�nition of equilibrium for this extended version of the model is analogous to the one in

De�nition 3.1.

De�nition 5.1. Under Assumptions 2 and 5, a Bayesian-Nash equilibrium is a time-dependent

n× ` matrix of polynomial functions, ht (L), such that

yit = h′t(L)xit

satis�es equations (5.1) and (5.2).

The following theorem is the natural extension of Theorem 1. Since there are multiple degrees of

strategic complementarity, the policy function in the equilibrium of the multi-variate beauty-contest

model is equivalent, not to that of the simple forecasting with one α-modi�ed signal process, but a

particular linear combination of all αj-modi�ed signal processes, for j ∈ {1, . . . , `}. The coe�cients

of this linear combination can be obtained directly from the eigenvectors of A.

Theorem 2. Suppose Assumptions 2 and 5 are satis�ed, and let ht(L) be the policy rule followed by

agents in the unique equilibrium de�ned in De�nition 5.1. Let gjt(L) be the policy rule to forecast θt

conditional on the αj-modi�ed signal process from De�nition 3.2,

Ẽαjit [θt] = g′jt(L)x̃
αj
it .

where Ẽαjit [·] and x̃
αj
it are the analogues of Ẽit [·] and x̃it with α = αj, for all j ∈ {1, . . . , `}. Finally,

let U and Ω be the elements of the eigendecomposition of A, such that

A = UΩU−1, and Ω = diag(α1, α2, . . . , α`).

Then,

h′t(L) =
∑̀
j=1

Ue′jej (I−Ω)−1 U−1g′jt(L).

Proof. Iterating on equation (5.1) leads to

yit =
∞∑
k=0

AkEit
[
Ekt [θt]

]
.
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where the higher-order beliefs are de�ned recursively as follows

E0
t [θt] ≡ θt, and Ekt [θ] ≡

∫
Eit
[
Ek−1t [θt]

]
.

Then, notice that for any k ∈ {0, 1, 2, . . .},

Ak = UΩkU−1 =
∑̀
j=1

Ue′jejU
−1αkj .

Therefore, yit can be written as

yit =
∑̀
j=1

Ue′jejU
−1
∞∑
k=0

αkjEit
[
Ekt [θt]

]
=
∑̀
j=1

Ue′jejU
−1


∑∞

k=0 α
k
jEitE

k
t [θ1t]∑∞

k=0 α
k
jEitE

k
t [θ2t]

...∑∞
k=0 α

k
jEitE

k
t [θ`t]

 .

From Corollary 2 we have that
∑∞

k=0 α
k
jEitE

k
t [θpt] is equal to the p-th row of (1−αj)−1g′jt(L)xit and

it follows that

yit =
∑̀
j=1

Ue′jej(1− αj)−1U−1g′jt(L)xit =
∑̀
j=1

Ue′jej (I−Ω)−1 U−1g′jt(L)xit,

which concludes the proof.

Theorem 2 provides a sharp characterization of the equilibrium. Crucially, the policy rules for all `

actions are based on the same set of modi�ed signals. The heterogeneity among these actions is only

re�ected in the associated weights, which are obtained from the eigenvectors of A. The analysis of

the equilibrium can be reduced to the model's primitives: the matrix A and the exogenous forecasts

associated with the modi�ed signals, without having to solve a �xed point problem.

Another implication of Theorem 2 is that it makes it possible to explore the role of dispersed infor-

mation in shaping the joint distribution of multiple actions. This is in contrast with most papers

on dispersed information, in which the focus is typically on the volatility or persistence of a single

action. The following application shows that the size of information frictions can a�ect the cyclicality

between actions.
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5.2 Application: Synchronization

Consider an economy in which agents choose two actions simultaneously. For simplicity, assume

that the two actions depend on the same aggregate fundamental θt. Then, the agents' best response

functions can be written as

y1it = Eit[θt] + a11Eit[y1t ] + a12Eit[y2t ]

y2it = Eit[θt] + a21Eit[y1t ] + a22Eit[y2t ]

where the matrix

A =

[
a11 a12

a21 a22

]
= U

[
α1 0

0 α2

]
U−1,

summarizes the dependence on aggregate actions. The second equality represents the eigendecom-

position of matrix A, where α1 and α2 denote its eigenvalues and U is a matrix composed of its

eigenvectors. Without loss of generality, let ω1 and ω2, be such that

U =

[
1 1
ω2
ω1

1−(1−α1)ω2

1−(1−α1)ω2

]
.

Notice that choosing α1, α2, ω1 and ω2 we can generate any matrix A that satis�es Assumption 5.

The policy rule permits a simpler format when represented in terms of these parameters rather than

the ones in the original matrix A. Applying Theorem 2 it follows that

y1t = ω1Ẽ
α1

t [θt] + φ1Ẽ
α2

t [θt],

y2t = ω2Ẽ
α1

t [θt] + φ2Ẽ
α2

t [θt].

where

φ1 =

(
1

1− α2
− 1− α1

1− α2
ω1

)
and φ2 =

(
1

1− α2
− 1− α1

1− α2
ω2

)
.

This representation makes clear how the degrees of strategic complementarity a�ect each action. In

particular, if α1 = α2, then Ẽ
α1

t [θt] = Ẽ
α2

t [θt], and the actions are the same no matter what. If

α1 6= α2, the behavior of the two actions depends on the distance between the weights.

Next, we show in a numerical example how dispersed information can a�ect the relationship between

the two actions. Suppose that the fundamental follows an AR(1) process

θt = ρθt−1 + ηt, ηt ∼ N (0, τ−1η ),
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Ẽ

α2

t
[θt]

(B) αj-Modi�ed Forecasts with τν = 1.0

0 5 10 15

-0.2

0

0.2

0.4

0.6 y1t
y2t

(C) Actions with τν = 0.1
0 5 10 15

-0.2

0

0.2

0.4

0.6 Ẽ
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Figure 6: Multi-action Example

Parameters: τη = 1, ρ = 0.75, ω1 = 0.6 and ω2 = 1.4, α1 = −0.5 and α2 = 0.5.

and that agents only receive a private signal about θt,

xit = θt + νit, νit ∼ N (0, τ−1ν ).

We set the eigenvalues to α1 = −0.5, and α2 = 0.5, so the precision of the α1-modi�ed signals are

higher. We also set the eigenvector parameters to ω1 = 0.6, ω2 = 1.4, which implies that φ1 = 0.2,

and φ2 = −2.2. Figure 6A shows that when τν = 1, the two actions move in di�erent directions.

The reason is that both (1− α1)τν and (1− α2)τν are large enough, and Ẽ
α1

t [θt] ≈ Ẽ
α2

t [θt] as shown

in Figure 6B. Because φ1 and φ2 have the opposite signs, y
2
t and y

1
t move in di�erent directions.

When τν = 0.1, the response of Ẽ
α2

t [θt] is dampened since the signal is not informative, i.e., Ẽ
α2

t [θt] ≈
0. As a result, even though φ1 and φ2 have the opposite signs, their impact on the aggregate actions

is limited. In fact, Figure 7 shows that the correlation between the two actions is decreasing in τν

monotonically, and can switch from positive to negative.

This result, that the correlation between actions is increasing in the intensity of information fric-

tions, depends on the particular assumptions of this example and is not a general feature of the

beauty-contest models with multiple actions. The example simply highlights the fact that dispersed
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information may signi�cantly a�ect the joint behavior of interactive actions.

6 Endogenous Information

So far, we have assumed that the signals follow exogenous stochastic processes and are independent

of agents' actions in equilibrium. In this section, we show that the equivalence result remains true

when the source of information is endogenous. To better illustrate our point, we focus here on a

stationary signal processes and a single action.

6.1 Equivalence Result

To include the possibility that agents can learn from endogenous aggregate variables, we change the

signal structure to

xit = M(L)εit + P(L)yt. (6.1)

The �rst part M(L)εit captures the information that is exogenously speci�ed, and the second part

P(L)yt allows the signal to be a function of the aggregate action yt. The informativeness of the

signal depends on the process of yt, which is determined endogenously in equilibrium. The following

assumption makes sure that agents can only learn from current and past aggregate actions.

Assumption 6. The polynomial matrix P(L) satis�es

P(L) =

∞∑
τ=0

PτL
τ

where each element of {Pτ}∞τ=0 is square-summable.

With endogenous signals, the equilibrium imposes an additional consistency requirement that the law
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of motion for the aggregate action in the signals is consistent with that implied by agents' actions.

We de�ne the equilibrium in a way to highlight this requirement.

De�nition 6.1. Under Assumptions 1-3 and 6, a Bayesian-Nash equilibrium with endogenous

information is a policy rule h (L) for agents and a law of motion H(L) for the aggregate action, such

that

1. Individual actions satisfy the best response

yit = h′(L)xit = (1− α) Eit [θt] + α Eit [yt] ,

and the signal is given by the following exogenous process

xit = M̂(L)εit ≡M(L)εit + P(L) H′(L)ηt. (6.2)

2. The aggregate action is consistent with individual actions

yt =

∫
yit.

3. The law of motion of the aggregate action is consistent with agents' signals

H′(L) = h′(L)

(
M(L)

[
Iu

0

]
+ P(L)H′(L)

)
.

Condition 3 is what distinguishes the endogenous information equilibrium from the exogenous infor-

mation equilibrium. It follows from the cross-equation restriction

yt = H′(L)ηt =

∫
h′(L)xit = h′(L)

(
M(L)

[
ηt

0

]
+ P(L)H′(L)ηt

)
,

which is clearly a �xed point problem. We want to emphasize that given any H(L), the signal

structure of an individual agent is well de�ned by equation (6.2), and for condition 1 and condition

2 to be satis�ed it must be an exogenous information equilibrium from De�nition 3.1. Therefore, all

of our results from Section 4 still apply. If there exists a particular H(L) that also satis�es condition

3, then it is an endogenous information equilibrium. We formalize this argument in the following

theorem:

Theorem 3. Under Assumptions 1-3 and 6, if h (L) and H(L) are an equilibrium from De�nition

6.1, then the policy rule h(L) satis�es

Ẽit[θt] = h′(L)x̃it.
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where x̃it the α-modi�ed signal process of

xit = M(L)εit + P(L) H′(L)ηt,

and the law of motion of the aggregate action H(L) satis�es

yt = H′(L)ηt = Ẽit[θt].

Given that an endogenous information equilibrium exists, each individual agent still regards their

information process as exogenous. This is due to the fact that all agents behave competitively and do

not take into account the e�ects of their action on the aggregate. As a result, the nature of the policy

rule is still the forecasting rule of the fundamental with modi�ed signals, and the equivalence between

the sum of in�nite higher-order beliefs and a �rst-order belief still holds. Note that the equilibrium

in De�nition 6.1 is general enough to include sentiment equilibria as in (Benhabib, Wang, and Wen,

2015; Acharya, Benhabib, and Huo, 2017) and correlated equilibria as in (Bergemann and Morris,

2013; Bergemann, Heumann, and Morris, 2015). By the same logic, our equivalence results can also

be extended to environments with information acquisition choice as in (Hellwig and Veldkamp, 2009;

Ma¢kowiak and Wiederholt, 2009). Once all agents have chosen the precision of their signals in

equilibrium, they e�ectively receive signals as if the process for the signal is exogenously speci�ed.

If equilibria exists, regardless of whether it is unique, the result is relevant to understand properties

of each equilibrium since the equivalence holds along the equilibrium path, and can also be useful

to compute each equilibrium by signi�cantly simplifying the computation of the update given a

particular guess for H(L).

6.2 Application: Endogenous Learning

Here we use an example to show how to apply our equivalence results in an economy with endogenous

information. The best response function is the same used before

yit = (1− α) Eit [θt] + α Eit [yt] .

The di�erence is that now agents receive a signal about the aggregate action yt, which is an en-

dogenous object. The information structure can be represented within the framework of equation
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(6.1):

M(L) =

[
1 1 0

0 0 1

]

P(L) =

[
0

1

] ⇒
xit = θt + νit

zit = yt + εit.

Further, all the shocks follow i.i.d processes: θt ∼ (0, τ−1θ ), νit ∼ (0, τ−1ν ), and εit ∼ (0, τ−1ε ). This

type of information structure is widely used in the literature on endogenous learning.

The aggregate action yt must depend on the fundamental θt, the only aggregate shock in this economy,

so we conjecture that

yt = H θt.

Agents do not internalize the e�ects of their own actions on others' signals, they take H as given.

Hence, their forecasting problem, given H, is equivalent to one in which their signals are generated

by the following exogenous processes:

M̂(L) =

[
1 1 0

H 0 1

]
⇒

xit = θt + νit

ẑit = Hθt + εit

With endogenous information, even in the absence of a primitive coordinating motive (α = 0), agents

still implicitly coordinate via their signal processes. By the equivalence result, for beauty-contest

models where there exists a primitive coordination motive (α 6= 0), one can simply consider the

alternative simple forecasting problem in which all the coordination is through information only. For

this example, individuals' action can be written as

yit = Ẽit[θt] =
(1− α)τν

τθ + (1− α)τν +H2(1− α)τε
xit +

H(1− α)τε
τθ + (1− α)τν +H2(1− α)τε

ẑit.

At this stage, the equivalence result spares us the trouble of making an inference about yt, and this

policy rule already satis�es the �rst two equilibrium conditions in De�nition 6.1. To make sure that

the perceived law of motion for yt is consistent with the actual law of motion, condition 3 must also

be satis�ed, which reduces to a cubic polynomial equation in terms of H,

(1− α)τε H3 − (1− α)τε H2 + (τθ + (1− α)τν) H− (1− α)τν = 0. (6.3)

It is clear that there may exist multiple real solutions to equation (6.3) which correspond to multiple

equilibria, in line with the �nding in Chahrour and Gaballo (2016). The origin of multiple equilibria

lies in the self-ful�lling property of the signals' informativeness. For example, if all agents respond

to the fundamental aggressively, i.e. if H is high, then the signal zit is very informative. As a result,
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agents can learn more from the endogenous signal and indeed become more responsive.

(A) Parameter Space for Multiple Equilibria

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

α

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

(B) Equilibrium H as a Function of α

Figure 8: Endogenous Learning and Multiple Equilibria

Parameters (A): τθ = 1; τν = 0.1, and τε = 5; (B): τθ = 1, and α = 0.

The shaded area in Figure 8A displays the parameter space that permits multiple equilibria. Note

that the existence of multiple equilibria requires that the precision of the exogenous signal, τν , be

relatively low compared to the precision of the endogenous signal, τε. Under these conditions, agents

are willing to rely enough on the endogenous signal for multiple equilibria to arise. Figure 8B shows

that multiple equilibria exist when α takes intermediate values. Notice that an increase in α leads

to a move downwards and to the left in Figure 8A. By the equivalence result, when α is very large,

the e�ective τν and τε in the simple forecasting problem are small, and agents pay little attention

to either signal and instead rely on their common prior. When α is very large, the e�ective τν and

τε in the simple forecasting problem are large, and agents can almost observe θt and yt without the

need of making inference. Neither of the two cases allow the existence of multiple equilibria.

7 Conclusion

This paper establishes the equivalence between a beauty-contest model with dispersed information

and a simple forecasting problem. We have shown that the policy rule in a beauty-contest model

is the same as the forecasting rule of the economic fundamental conditional on a modi�ed signal

process. Agents' decisions in models with dispersed information naturally depend on higher-order

beliefs, so our results also imply that the sum of the in�nite higher-order beliefs is equivalent to a �rst-

order belief conditional on a modi�ed signal process. What makes our equivalence results powerful

is that the modi�cation of the signal is simple and it works for e�ectively any signal process. Its

generality allows us to explore the general properties of beauty-contest models and makes it suitable

for quantitative application.
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We have shown that the equivalence results extend to models with multiple actions, and we believe

that our equivalence results could potentially be extended to other environments. First, we only

consider environments with a continuum of symmetric agents. We have preliminary results that

indicate that similar equivalence results apply to models with a network structure. Second, we only

consider linear signals driven by Gaussian shocks. We conjecture that an equivalence result with a

more complicated modi�cation to the signal structure could also exist for non-Gaussian information

process. Third, our results provides a sharp characterization of the equilibrium, which may help

improve the identi�cation of the parameters in the model. We leave these open questions for future

research.
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Appendix

A Proof of Theorem 1

The proof is presented as a series of lemmas and propositions. In Section A.1 we show that the forecasting

problem set up in Section 3 is equivalent to a limit of a truncated version of it. Section A.2 sets up an solves a

static forecasting problem equivalent to the truncated version. Section A.3 presents and solves the associated

�xed point problem that gives the equilibrium of a beauty-contest problem. Section A.4 describes the α-

modi�ed signal process and Section A.5 proves the equivalence between the policy function of the solution to

the static version of the forecasting problem with the α-modi�ed signal process and the solution to the �xed

point problem. For a more direct, though more elaborate, version of the proof that does not require taking

the limits as in Section A.1, see the Online Appendix.

A.1 Limit of Truncated Forecasting Problem

Fix t. Section 3 sets up the problem of forecasting θt given xti ≡ {xit,xit−1, . . .}. For ease of notation, from
now on we suppress the dependence on t and i. Notice that each element of θ and x can be represented as an

MA(∞) process and that there is an in�nite history of signals.

Consider a truncated version of this problem.12 Let θq be the MA(q) truncation of θ, that is,

θ =

∞∑
k=0

φkηt−k ⇒ θq =

q∑
k=0

φkηt−k.

Let x(N) ≡ {xit, . . . ,xit−N} and let each element of x
(N)
p the MA(p) truncation of the corresponding element

of x(N). The next proposition shows that the limit as q, p, and N go to in�nity of the forecast of θq given x
(N)
p

is equivalent to the forecast of θ given x. Throughout the concept of convergence between random variable is

mean square. For example, we can say that limq→∞ θq = θ, since

lim
q→∞

E
[
(θ − θq)2

]
= lim
q→∞

E

(θ − q∑
k=0

φkηt−k

)2
 = lim

q→∞

∞∑
k=q+1

φkE[η2
t−k]φ′k = 0

where the last equality is due to the assumption that φ(L) is square summable and that E[η2
t−k] is �nite.

Proposition 5. E [θ|x] = limp,q,N→∞ E
[
θq|x(N)

p

]
.

Proof. The strategy is to establish the following equalities

E [θ|x]
[3]
= lim

p→∞
E [θ|xp]

[2]
= lim

p→∞
lim
N→∞

E
[
θ|x(N)

p

]
[1]
= lim

p→∞
lim
N→∞

lim
q→∞

E
[
θq|x(N)

p

]
.

We start from the last and move to the �rst.

12Note that in this truncation, we do not assume shocks become public after a certain periods, di�erent from the
common assumption made in the literature (Townsend, 1983).
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[1]: To show that

E
[
θ | x(N)

p

]
= lim
q→∞

E
[
θq|x(N)

p

]
,

note that there exists K large enough such that, for any k > K,

E
[
ηt−k | x(N)

p

]
= 0.

It follows that

E
[
θ | x(N)

p

]
= E

[
K∑
k=0

φkηt−k +

∞∑
k=K+1

φkηt−k | x(N)
p

]
= E

[
K∑
k=0

φkηt−k | x(N)
p

]
= E

[
θK |x(N)

p

]
,

and

lim
q→∞

E
[
θq|x(N)

p

]
= lim
q→∞

E

[
K∑
k=0

φkε−k +

q∑
k=K+1

φkε−k | x(N)
p

]
= lim
q→∞

E
[
θK |x(N)

p

]
= E

[
θK |x(N)

p

]
.

[2]: Next, to show that

E[θ|xp] = lim
N→∞

E
[
θ|x(N)

p

]
,

we simply need to establish that the limit on the right hand side exists. First notice that forecast errors are

decreasing in the number of signals and that the stationarity of θ guarantees that the mean squared error is

well de�ned, which implies that

0 ≤ E
[(
θ − E

[
θ|x(N+1)

p

])2]
≤ E

[(
θ − E

[
θ|x(N)

p

])2]
.

Therefore, there exists σ2 such that

lim
N→∞

E
[(
θ − E

[
θ|x(N)

p

])2]
= σ2.

Moreover, for any N1, N2,

E


θ − E

[
θ|x(N1)

p

]
+ E

[
θ|x(N2)

p

]
2

2
 ≥ σ2.

It follows that

E
[(

E
[
θ|x(N1)

p

]
− E

[
θ|x(N2)

p

])2]

= 2E
[(
θ − E

[
θ|x(N1)

p

])2]
+ 2E

[(
θ − E

[
θ|x(N2)

p

])2]
− 4E


θ − E

[
θ|x(N1)

p

]
+ E

[
θ|x(N2)

p

]
2

2


≤ 2E
[(
θ − E

[
θ|x(N1)

p

])2]
+ 2E

[(
θ − E

[
θ|x(N2)

p

])2]
− 4σ2.
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In the limit, the right-hand side converges to zero, and therefore

lim
N→∞

E
[
θ|x(N)

p

]
is indeed well de�ned.

[3]: By Winner-Hopf prediction formula13, it follows that

E[θ|x] = [φ(L)M′(L−1)B′(L−1)−1]+B(L)−1x ≡ D(L)ε,

E[θ|xp] = [φ(L)M′
p(L
−1)B′p(L

−1)−1]+Bp(L)−1xp ≡ Dp(L)ε.

where B(z) and Bp(z) are the corresponding fundamental representations of M(z) and Mp(z), respectively.

The mean-squared di�erence between these forecasts is

E
[
(E[θ|x]− E[θ|xp])2

]
=
∞∑
k=0

(Dt−k −Dp,t−k)Σ2(Dt−k −Dp,t−k)′.

If limp→∞Dp(z) = D(z), then limp→∞ E
[
(E[θ|x]− E[θ|xp])2

]
= 0. First, by construction,

M(z) = lim
p→∞

p∑
k=0

Mkz
k = lim

p→∞
Mp(z).

Second, given a signal process Mp(z), its corresponding fundamental representation of Bp(z) is uniquely

determined when the covariance matrix of the fundamental innovation is normalized, and satis�es

Bp(z)B
′
p(z
−1) = Mp(z)M

′
p(z
−1).

As a result,

B(z) = lim
p→∞

Bp(z).

Then by the continuity of the annihilation operator, it follows that

lim
p→∞

Dp(z) = D(z).

A.2 Static Forecasting Problem

From here on we suppress the dependence on the indexes used in the limits above and rewrite the truncated

forecasting problem as a static problem. We also continue to suppress the dependence on t, but bring back

the dependence on i.

13See Online Appendix for more details on this.
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De�ne

εi ≡

[
η

νi

]
, η ≡


ηt
...

ηt−max{q,p}−N

 , νi ≡


νit
...

νit−max{q,p}−N

 ,
and notice that, there exists a u(q+1)×1 vector a and a n(N+1)×M matrix B, withM ≡ m(max{q, p}+N+2),

such that the forecasting problem at time t becomes that of forecasting

θ =
[
a′ 0′

]
εi = a′η, given xi = Bεi = B

[
η

νi

]
.

Let Ω2 denote the covariance matrix of εi, let A ≡
[
a′ 0′

]
, and let Λ be the M ×M matrix given by

Λ ≡

[
IU 0

0 0

]
,

where U ≡ u(max{q, p}+N + 2). It follows that

E[θ | xi] = A′ΩΛΩB′
(
BΩ2B′

)−1
xi.

A.3 Fixed Point Problem

Suppose we also want to forecast y. We do not know the stochastic process for y, so let h denote the agent's

equilibrium policy function, i.e. yi = h′xi, then

y =

∫
h′xi = h′BΛεi.

Then, the forecast of y is given by

E[y | xi] = h′BΩΛΩB′
(
BΩ2B′

)−1
xi.

In equilibrium, we have that

yi = (1− α)E[θ | xi] + αE[y | xi],

and, therefore

h′xi =
[
(1− α)A′ΩΛΩB′

(
BΩ2B′

)−1
+ αh′BΩΛΩB′

(
BΩ2B′

)−1]
xi.

It follows from the fact that equation above holds for any xi that

h = C−1d, (A.1)
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where

C ≡ I− α
(
BΩ2B′

)−1
BΩΛΩB′, (A.2)

d ≡ (1− α)
(
BΩ2B′

)−1
BΩΛΩA. (A.3)

Lemma A.1. C is invertible.

Proof. We start by showing that M ≡
(
BΩ2B′

)−1
BΩΛΩB′ has real eigenvalues in [0, 1]. First notice that

M has real, non-negative eigenvalues since it is similar to

(BΩ2B′)1/2M(BΩ2B′)−1/2 = (BΩ2B′)1/2(BΩ2B′)−1(BΩΛΩB′)(BΩ2B′)−1/2

= (BΩ2B′)−1/2(BΩΛΩB′)(BΩ2B′)−1/2

which is positive semide�nite. On the other hand,

I−M =
(
BΩ2B′

)−1
BΩ(I−Λ)ΩB′,

which, analogously to M, is also similar to a positive semide�nite matrix. If λ is an eigenvalue of M, then

1 − λ is an eigenvalue of I −M. Therefore, the fact that the eigenvalues of I −M are positive implies that

the eigenvalues of M must be less than or equal to 1, as desired. It follows that S ≡
∑∞
j=0(αM)j converges,

and S(I− αM) = I.

In particular, it follows from this lemma that the equilibrium to the beauty-contest problem exists and is

unique.

A.4 α-Modi�ed Signal Process and Prediction Formula

De�ne Γ to be the M ×M matrix given by

Γ =

[
IU 0

0 1√
1−αIM−U

]
,

and let suppose that the signals observed by agent i follow are a α-modi�ed version of xi given by

x̃i = Bε̃i, with ε̃i ≡ Γεi.

It follows that

Ẽ[θ | x̃i] = A′ΩΛΩB′
(
BΩΓ2ΩB′

)−1
x̃i. (A.4)

A.5 Equivalence Result

Proposition 6 establishes that the right hand side of equation terms in equation (A.1) is to the right hand side

of equation (A.4), which completes the proof of Theorem 1.
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Proposition 6. Using the de�nitions above, it follows that

C−1d =
(
BΩΓ2ΩB′

)−1
BΩΛΩA.

Proof. From the de�nition of C, equation (A.2), we obtain

C = I− α
(
BΩ2B′

)−1
BΩΛΩB′

= I +
(
BΩ2B′

)−1
BΩ(−I + I− αΛ)ΩB′

=
(
BΩ2B′

)−1
BΩ(I− αΛ)ΩB′.

Thus, since

I− αΛ = (1− α)Γ2,

it follows that

C = (1− α)
(
BΩ2B′

)−1
BΩΓ2ΩB′.

Finally,

C−1d =
[
(1− α)

(
BΩ2B′

)−1
BΩΓ2ΩB′

]−1
(1− α)

(
BΩ2B′

)−1
BΩΛΩA

= (BΩΓ2ΩB′)
(
BΩ2B′

) (
BΩ2B′

)−1
BΩΛΩA

= (BΩΓ2ΩB′)BΩΛΩA.

B Variance and Covariance of Average Forecast

Let Ω = diag(σ1, . . . , σM ), and I ≡ {U + 1, . . . ,M} be the σ-indexes associated with the idiosyncratic shocks

νi. Also, let ej be the M × 1 vector with zeros everywhere but the j-th element equal to one and let

E[θ] ≡
∫
E[θ | xi].

Increasing the variance of any element of νi does not a�ect θ, but makes the signals xi more noisy which, in

turn, makes the forecast less accurate. This implies that the forecast reacts less to signals and, as a result, it

is less volatile. It also implies that it is less correlated with the actual θ. This motivates the following lemmas.

Lemma B.1. The variance Var(E[θ]) is decreasing in how noisy the signals are,

∂Var(E[θ])

∂σ2
j

≤ 0, for j ∈ I.

Proof. First notice that

Var(E[θ]) = A′Ω2B′
(
BΩ2B′

)−1
BΩΛΩB′

(
BΩ2B′

)−1
BΩ2A.
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For any j ∈ I, A′Ω2 and ΩΛΩ do not depend on σ2
j , and therefore, taking derivatives yields

∂Var(E[θ])

∂σ2
j

=− σ2
jA
′Ω2B′

(
BΩ2B′

)−1 [ (
Beje

′
jB
′) (BΩ2B′

)−1
BΩΛΩB′+

+ BΩΛΩB′
(
BΩ2B′

)−1 (
Beje

′
jB
′) ] (BΩ2B′

)−1
BΩ2A.

The matrix in the inner bracket is symmetric, so let LL′ denote its Cholesky decomposition. Then, letting

z ≡ A′Ω2B′
(
BΩ2B′

)−1
L, the right hand side is equal to −σ2

j zz′, which is less than or equal to 0.

Lemma B.2. The covariance Cov(θ,E[θ]) is decreasing in how noisy the signals are,

∂Cov(θ,E[θ])

∂σ2
j

≤ 0, for j ∈ I.

Proof. First notice that

Cov(θ,E[θ]) = A′ΩΛΩB′
(
BΩ2B′

)−1
BΩ2A.

For any j ∈ I, A′Ω2 does not depend on σ2
j , and A′ΩΛΩ = A′Ω2, therefore

∂Cov(θ,E[θ])

∂σ2
j

= −A′Ω2B′
(
BΩ2B′

)−1 (
Beje

′
jB
′) (BΩ2B′

)−1
BΩ2A.

Finally, letting z ≡ A′Ω2B′
(
BΩ2B′

)−1
Bej , the right hand side of this equation can be written as −zz′ which

is less than or equal to 0.

For the following proofs we denote Ẽ[θ] ≡
∫
E[θ | x̃i], where x̃i is the modi�ed signal de�ned in Section A.4.

Notice that Ẽ[θ] = E[θ] by the law of large numbers.

B.1 Proof of Proposition 3

Proof. In the static version of the problem, under Assumptions 1-3 and with the best response given by

yi = (1− α)Ei[θ] + αEi[y],

it follows from Corollary 1 that

y = Ẽ[θ],

which is equivalent to E[θ] with the variance of the idiosyncratic shocks discounted by α, that is with σ̃2
j =

σ2
j /(1 − α) for all j ∈ I. Hence, an increase in α is equivalent to an increase in the variance of all the

idiosyncratic shocks. Thus, the �rst claim in Proposition 3 follows from Lemmas B.1 and B.2. The second

claim follows directly from the law of total variance. Finally, it follows from Proposition 5 that these results

generalize to the setting in Section 3 by a straightforward continuity argument.
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B.2 Proof of Proposition 4

Proof. Under Assumptions 1-2 and 4 and with the best response given by

yi = (1− α)θi + αEi[y],

it follows from Proposition 2 that

y = (1− α)θ + αẼ[θ].

which implies that E[y] = Ẽ[θ]. Thus, the �rst claim in Proposition 4 follows from the from Lemmas B.1 and

B.2, by the same argument used in the proof of Proposition 3 above. Next, notice that

Var(y) = (1− α)2Var(θ) + α2Var
(
Ẽ[θ]

)
+ 2α(1− α)Cov

(
θ, Ẽ[θ]

)
.

If α > 0, then by the law of total variance and utilizing previous results,

∂Var(y)

∂α
=− 2(1− α)Var(θ) + 2αVar

(
Ẽ[θ]

)
+ 2(1− 2α)Cov

(
θ, Ẽ[θ]

)
+ α2 ∂Var

[
E[y]

]
∂α

+ 2α(1− α)
∂Cov

[
E[y], θ

]
∂α

,

≤− 2(1− α)Var(θ) + 2αVar(θ) + 2(1− 2α)Var(θ) = 0.

Similarly,

Cov(y, θ) = (1− α)Var(θ) + αCov
(
θ, Ẽ[θ]

)
,

and if α > 0

∂Cov(y, θ)

∂α
= −Var(θ) + Cov

(
θ, Ẽ[θ]

)
+ α

∂Cov
[
E[y], θ

]
∂α

≤ −Var(θ) + Var(θ) = 0.

This establishes the second claim. Finally, we can also write the aggregate action y as

y = θ + α
(
Ẽ[θ]− θ

)
,

and it follows that

Var(y) = Var(θ) + α2Var
(
Ẽ[θ]− θ

)
+ 2α Cov

[
θ, Ẽ[θ]− θ

]
.

To show that, for α < 0, Var(y) ≥ Var(θ), it is su�cient to show that Cov
[
θ, Ẽ[θ]− θ

]
≤ 0. Note that

Cov
[
θ, Ẽ[θ]− θ

]
= Cov

[
θ, Ẽ[θ]

]
−Var(θ) ≤

√
Var(θ)Var

(
Ẽ[θ]

)
−Var(θ)

≤
√

Var(θ)Var(θ)−Var(θ) = 0.

Proposition 5 implies that these results generalize to the setting in Section 4.2 by continuity.
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Online Appendix: Not For Publication

This appendix presents an alternative and more direct proof of Theorem 1. At any point in time, the forecasting

problem set up in Section 3, i.e. forecasting θt given the history of signals {xit,xit−1, . . .}, is independent of
the solution of the problem in other periods. Thus, throughout the appendix we suppress the dependence of

the information structure on t.

A Existence and Uniqueness

Proposition 7. If Assumptions 1-3 are satis�ed, then there exists a unique equilibrium that satis�es De�ni-

tion 3.1.

Proof. Let hη(L) and hν(L) be the �rst u and last m− u elements of the vector M′(L)h(L) respectively, so

that from the de�nition of equilibrium we have that

yit = h′η(L)ηt + h′ν(L)νit.

Since h(L) can be written as a weighted average of higher-order beliefs, which are forecasts about θt, and the

variance of the forecast of any random variable is no larger than the variance of the variable itself (law of total

variance), it follows from Assumptions 1, 2, and 4 that {hη(L),hν(L)} admits the norm

‖{hη(L),hν(L)}‖ =

√√√√√ ∞∑
k=0

 u∑
j=1

σ2
jh

2
ηjk +

m∑
j=u+1

σ2
jh

2
νjk

.
De�ne ĥ′η(L), ĥ′ν(L), ĝ′η(L), and ĝ′ν(L) such that

Eit[yit] = ĥ′η(L)ηt + ĥ′ν(L)νit, and Eit[θt] = ĝ′η(L)ηt + ĝ′ν(L)νit.

For {hη(L),hν(L)} to be an equilibrium it must be that

yit = (1− α)
(
ĝ′η(L)ηt + ĝ′ν(L)νit

)
+ α

(
ĥ′η(L)ηt + ĥ′ν(L)νit

)
.

De�ne the operator T : ×mj=1`
2 → ×mj=1`

2 as

T ({hη(L),hν(L)}) =
{

(1− α)ĝ′η(L) + αĥ′η(L), (1− α)ĝ′ν(L) + αĥ′ν(L)
}

The equilibrium is a �xed point of the operator T , it is su�cient to show that T is a contraction mapping.

Take arbitrary {aη(L),aν(L)} and {bη(L),bν(L)} in ×mj=1`
2, the distance between them is

‖{aη(L),aν(L)} − {bη(L),bν(L)}‖ =

√√√√√ ∞∑
k=0

 u∑
j=1

σ2
j (a2ηjk − b2ηjk) +

m∑
j=u+1

σ2
j (a2νjk − b2νjk)

.
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The distance between T ({aη(L),aν(L)}) and T ({bη(L),bν(L)}) is

‖T ({aη(L),aν(L)})− T ({bη(L),bν(L)})‖ = |α|

√√√√√ ∞∑
k=0

 u∑
j=1

σ2
j (â2ηjk − b̂2ηjk) +

m∑
j=u+1

σ2
j (â2νjk − b̂2νjk)

.
The law of total variance implies

Var

[(
aη(L)− bη(L)

)
ηt +

(
aν(L)− bν(L)

)
νit

]
≥ Var

[(
âη(L)− b̂η(L)

)
ηt +

(
âν(L)− b̂ν(L)

)
νit

]
.

Also,

Var

[(
aη(L)− bη(L)

)
ηt +

(
aν(L)− bν(L)

)
νit

]
=

∞∑
k=0

 u∑
j=1

σ2
j (a2ηjk − b2ηjk) +

m∑
j=u+1

σ2
j (a2νjk − b2νjk)


= ‖{aη(L),aν(L)} − {bη(L),bν(L)}‖2 ,

and

Var

[(
âη(L)− b̂η(L)

)
ηt +

(
âν(L)− b̂ν(L)

)
νit

]
=

∞∑
k=0

 u∑
j=1

σ2
j (â2ηjk − b̂2ηjk) +

m∑
j=u+1

σ2
j (â2νjk − b̂2νjk)


=

1

α2
‖T ({aη(L),aν(L)})− T ({bη(L),bν(L)})‖2 .

It follows that, ‖T ({aη(L),aν(L)})− T ({bη(L),bν(L)})‖ ≤ |α| ‖{aη(L),aν(L)} − {bη(L),bν(L)}‖. Assump-

tion 3 guarantees that |α| < 1 which concludes the proof.

B Proof of Theorem 1

This is a lengthy proof, so we split it into a series of lemmas and propositions. Section B.1 introduces the

Wiener-Hopf prediction formula which can be used to solve the problem of forecasting any stationary stochastic

variable given any stationary signal process. In Section B.2 we set up and solve the �xed point problem that

gives the equilibrium of any beauty-contest problem as set up in Section 3. Section B.3 describes the α-

modi�ed signal process and, �nally, Section B.4 proves the equivalence between the policy function of the

solution to the simple forecasting problem with the α-modi�ed signal process and the solution to the �xed

point problem.

B.1 Simple Forecasting Problem

First, de�ne normalized shocks to be

ε̂it ≡

[
η̂t

ν̂it

]
≡ Σ−1εit,
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and consider the problem of forecasting

ft =
[
φ′f (L) 0

]
ε̂it = φ′f (L)η̂t,

which satis�es Assumption 4, given xti. The solution to this problem involves three steps14:

1. Find the state-space representation of the signal process in equation (3.3);

2. Use the Canonical Factorization Theorem to obtain the Wold representation of the signal process;

3. Apply the Wiener-Hopf prediction formula.

B.1.1 State-space representation

Lemma B.1. If the signal process in (3.3) satis�es Assumptions 1 and 2, then it admits at least one state-space

representation. The state equation is

Zit = FZit−1 + Qε̂it,

and the observation equation is

xit = HZit,

where F ∈ Rr×r, Q ∈ Rr×m and H ∈ Rn×r are functions of coe�cients of the polynomials in M(L). In

addition, the eigenvalues of F all lie inside the unit circle.

Finding the state-space representation is a necessary step to �nd the Wold representation of the signal process.

Suppose that we have B (L) and {wit} such that

xit = M(L)Σε̂it = B(L)wit,

B(L) is invertible, and {wit} are serially uncorrected shocks with covariance matrix V, then we say xit =

B(L)wit is a Wold representation of xti. Since B(L) is invertible, xti contains the same information as wt
i .

Notice, in particular, that

M(L)Σ2M′(L−1) = B(L)VB′(L−1). (B.1)

B.1.2 Wold representation

Theorem 4 (Canonical Factorization). Let F ∈ Rr×r be a matrix whose eigenvalues are all inside the unit

circle, let Q′Q ∈ Rr×r be strictly positive de�nite, and let H ∈ Rn×r. Let P ∈ Rr×r satisfy

P = F
[
P−PH′

(
HPH′

)−1
HP

]
F′ + Q′Q

14Steps 2 and 3 can be replaced by an application of the Kalman �lter, however, to establish the equivalence result
it proved more convenient to work with the Wiener-Hopf prediction formula.

52



and K ∈ Rr×n be de�ned as

K = PH′
(
HPH′

)−1
,

Then, the eigenvalues of F− FKH are all inside the unit circle, B(L) is

B(L) = In + H (Ir − FL)
−1

FKL, (B.2)

the inverse of B(L) is

B(L)−1 = In −H [Ir − (F− FKH)L]
−1

FKL, (B.3)

and the covariance matrix V is

V = HPH′.

B.1.3 Wiener-Hopf prediction formula

Proposition 8. The Wiener-Hopf prediction formula implies that

Eit [ft] =
[[
φ′f (L) 0

]
ΣM′ (L−1)B′

(
L−1

)−1]
+

V−1B(L)−1xit. (B.4)

Moreover, since we have assumed that the elements of both M (L) and φf (L) follow �nite ARMA processes,

a more speci�c prediction formula can be obtained. First we state and proof a useful lemma.

Lemma B.2. Let B (L) be given by Theorem 4 and de�ne v ≡ r − d,

∆1 (L) ≡ Lv
d∏
k=1

(L− λk) , ∆2 (L) ≡
d∏
k=1

(1− λkL) (B.5)

where {λk}dk=1 are the non-zero eigenvalues of F− FKH which all lie inside the unit circle,

G(L) ≡ Q′Adj (IrL− (F′ −H′K′F′)) H′L, (B.6)

T(L) ≡ V−1(∆2(L)In −H Adj (Ir − (F− FKH)L) FKL). (B.7)

Then,

ΣM′(L−1)B′(L−1)−1 =
G(L)

∆1(L)
, (B.8)

V−1B(L)−1 =
T(L)

∆2(L)
. (B.9)

Moreover, G(L) and T(L) are m× n and n× n polynomial matrices in L, and

G(L)T(L)

∆(L)
= ΣM′(L−1)

(
B(L)VB′(L−1)

)−1
, (B.10)

53



where

∆(L) ≡ ∆1(L)∆2(L).

Proof. From Theorem 4 we have that

B(L)−1 = In −H [Ir − (F− FKH)L]
−1

FKL,

and from Lemma B.1 it follows that

Zit = (Ir − FL)
−1

Qε̂it, and xit = HZit,

which implies

xit = H (Ir − FL)
−1

Qε̂it.

By de�nition, it follows that

M(L)Σ = H (Ir − FL)
−1

Q.

Hence,

B(L)−1M(L)Σ =
(
In −H [Ir − (F− FKH)L]

−1
FKL

)
H (Ir − FL)

−1
Q

= H
(
Ir − [Ir − (F− FKH)L]

−1
FKHL

)
(Ir − FL)

−1
Q

= H
(
Ir − [Ir − (F− FKH)L]

−1
((Ir − FL) + FKHL− (Ir − FL))

)
(Ir − FL)

−1
Q

= H
(
Ir − Ir + [Ir − (F− FKH)L]

−1
(Ir − FL)

)
(Ir − FL)

−1
Q

= H [Ir − (F− FKH)L]
−1

(Ir − FL) (Ir − FL)
−1

Q

=
H Adj (Ir − (F− FKH)L) Q

det (Ir − (F− FKH)L)

=
H Adj (Ir − (F− FKH)L) Q∏d

k=1 (1− λkL)
,

where {λk}dk=1 are the non-zero eigenvalues of F− FKH. The last equality follows from the fact that

det (Ir − (F− FKH)L) = Lr det
(
IrL
−1 − (F− FKH)

)
= LrL−(r−d)

d∏
k=1

(
L−1 − λk

)
=

d∏
k=1

(1− λkL) .

It follows that,

ΣM′ (L−1)B′(L−1)−1 =
Q′Adj

(
Ir − (F′ −H′K′F′)L−1

)
H′∏d

k=1 (1− λkL−1)

=
Q′Adj (IrL− (F′ −H′K′F′)) H′L

Lr−d
∏d
k=1 (L− λk)

,

and equation (B.6) follows. Equation (B.7) follows straight-forwardly from the equation for B (L)
−1

in Theo-

rem 4.
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Proposition 9. Suppose that the {λk}dk=1 in Lemma B.2 are distinct15, then

Eit [ft] =
1

∆(L)

([
φ′f (L) 0

]
G(L)T(L)− a′f (L)T(L)

)
xit,

and af (L) is a n× 1 vector de�ned as

a′f (L) ≡
d∑
j=1

Lv
∏
k 6=j (L− λk)

λvj
∏
k 6=j (λj − λk)

[
φ′f (λj) 0

]
G (λj) +

d∏
j=1

(L− λj)
v−1∑
τ=0

Lτ

τ !


[
φ′f (L) 0

]
G(L)∏d

k=1 (L− λk)

(τ)

L=0

.

B.2 Fixed Point Problem

Suppose we want to forecast θt and yt. We know that θt = φ′θ(L)η̂t,
16 but we do not know the stochastic

process for yt. So, let h′(L) denote the agent's equilibrium policy function, i.e. yit = h′(L)xit, then

yt =

∫
h′(L)xit = h′(L)M(L)ΣΛΛ′ε̂it, (B.11)

where Λ is a row-selecting matrix given by

Λ ≡

[
Iu

0

]
m×u

.

Applying Proposition 9 we obtain

Eit [θt] =
1

∆ (L)
(φ′θ(L)Λ′G(L)T(L)− a′θ(L)T(L))xit

and

Eit [yt] =
1

∆(L)

(
h′(L)M(L)ΣΛΛ′G(L)T(L)− a′y(L)T(L)

)
xit

In equilibrium, we have that

yit = (1− α)Eit [θt] + αEit [yt]

and, therefore

h′(L)xit =
1

∆(L)

{[
(1− α)φ′θ(L)Λ′ + αh′(L)M(L)ΣΛΛ′

]
G(L)T(L)−

[
(1− α)a′θ(L) + αa′y(L)

]
T(L)

}
xit. (B.12)

15This assumption is not necessary to obtain the speci�c prediction formula. If this is not the case, we just need to
adjust af accordingly.

16In the text we have θt = φ′(L)ηt, to get φθ(L) from φ(L) simply set φθ(L) = φ(L)Σ−1ΛΛ′.

55



It follows from the fact that equation above holds for any xit that

C(L)h(L) = d1(L)− d2(L)

where

C(L) ≡ In − α
(

G(L)T (L)

∆(L)

)′
ΛΛ′ΣM′(L), (B.13)

d1(L) ≡ (1− α)

(
G(L)T(L)

∆(L)

)′
Λφθ(L), (B.14)

d2(L) ≡ T′(L)

∆(L)
[(1− α)aθ(L) + αay(L)] . (B.15)

It follows that

h(L) = C(L)−1(d1(L)− d2(L)). (B.16)

B.3 Transformed Signal Process and Prediction Formula

Let Γ ∈ Rm×m be a diagonal matrix given by

Γ =

[
Iu 0

0 1√
1−αIm−u

]
,

and suppose that the signals observed by agent i follow a stationary �nite ARMA process,

x̃it = M(L)ε̃it, (B.17)

where the signal x̃it is a stochastic n× 1 vector and the shock ε̃it is a stochastic m× 1 vector given by

ε̃it ≡ Γεit = ΓΣε̂it,

and let Ẽit [·] ≡ E [· | x̃ti]. Applying Proposition 9 we obtain

Ẽit [θt] =
1

∆̃(L)

(
φ′θ(L)Λ′G̃(L)T̃ (L)− ã′θ(L)T̃(L)

)
x̃it (B.18)

where all variables with ∼ have analogous de�nitions to the ones without it except for the fact that Σ is

replaced everywhere by ΓΣ.

B.4 Equivalence Result

Propositions 10 and 11 below establish that the two terms in equation B.16 are equal to the corresponding

terms in equation B.18, which completes the proof of Theorem 1.
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Lemma B.3. Using the de�nitions above, it follows that

C(L) = (1− α)
(
B(L−1)VB′(L)

)−1
B̃(L−1)ṼB̃′(L).

Proof. Substituting equations (B.1) and (B.10) into equation (B.13), the de�nition of C(L), we obtain

C(L) = In − α
(
M(L−1)Σ2M′(L)

)−1
M(L−1)ΣΛΛ′ΣM′(L)

= In +
(
M(L−1)Σ2M′(L)

)−1
M(L−1)Σ(−Im + Im − αΛΛ′)ΣM′(L)

=
(
M(L−1)Σ2M′(L)

)−1
M(L−1)Σ(Im − αΛΛ′)ΣM′(L),

and since

Im − αΛΛ′ = (1− α)Γ2,

we have that

C(L) = (1− α)
(
M(L−1)Σ2M′(L)

)−1
M(L−1)ΣΓ2ΣM′(L)

= (1− α)
(
B(L−1)VB′(L)

)−1
B̃(L−1)ṼB̃′(L).

Proposition 10. Using the de�nitions above, it follows that

C(L)−1d1(L) =

(
G̃(L)T̃(L)

∆̃(L)

)′
Λφθ(L).

Proof. The transformed analogue of equation (B.10) implies that

G̃(L)T̃(L)

∆̃(L)
= ΓΣM′(L−1)

(
B̃(L)ṼB̃′(L−1)

)−1
.

Hence, from Lemma B.3 it follows that,

C(L)

(
G̃(L)T̃(L)

∆̃(L)

)′
Λ = (1− α)

(
B(L−1)VB′(L)

)−1
B̃(L−1)ṼB̃′(L)

(
B̃(L−1)ṼB̃′(L)

)−1
M(L−1)ΣΓΛ

= (1− α)
(
B(L−1)VB′(L)

)−1
M(L−1)ΣΓΛ

= (1− α)

(
G(L)T(L)

∆(L)

)′
ΛΛ.

The fact that ΓΛ = Λ and equation (B.14) establish the result.
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Lemma B.4. Using the de�nitions above, it follows that

∆̃1(L)B̃(L−1)−1B(L−1)

is a polynomial matrix.

Proof. From equations (B.2) and (B.3) it follows that

B̃(L)−1B(L)

=
{

In −H[Ir − (F− FK̃H)L]−1FK̃L
}{

In + H(Ir − FL)−1FKL
}

=
{

In −H[Ir − (F− FK̃H)L]−1FK̃L
}

+
{

In −H[Ir − (F− FK̃H)L]−1FK̃L
}

H(Ir − FL)−1FKL

= In −H[Ir − (F− FK̃H)L]−1FK̃L+ H
{

Ir − [Ir − (F− FK̃H)L]−1FK̃HL
}

(Ir − FL)−1FKL

= In −H[Ir − (F− FK̃H)L]−1FK̃L+

H
{

Ir − [Ir − (F− FK̃H)L]−1
{

Ir − (F− FK̃H)L− (Ir − FL)
}}

(Ir − FL)−1FKL

= In −H[Ir − (F− FK̃H)L]−1FK̃L+ H[Ir − (F− FK̃H)L]−1(Ir − FL)(Ir − FL)−1FKL

= In −H[Ir − (F− FK̃H)L]−1F
(
K̃−K

)
L

=
In det(Ir − (F− FK̃H)L)−H Adj(Ir − (F− FK̃H)L)F(K̃−K)L

det(Ir − (F− FK̃H)L)
,

and, therefore,

B̃(L−1)−1B(L−1) =
In det(IrL− (F− FK̃H))−H Adj(IrL− (F− FK̃H))F(K̃−K)

det(IrL− (F− FK̃H))

and since

det(IrL− (F− FK̃H)) = Lr−d
d∏
k=1

(
L− λ̃k

)
= ∆̃1(L),

it follows that

∆̃1(L)B̃(L−1)−1B(L−1) = In det(IrL− (F− FK̃H))−H Adj(IrL− (F− FK̃H))F(K̃−K),

which is a polynomial matrix.

Lemma B.5. Any non-zero eigenvalue, λ, of F− FKH, is a root of

B̃(L−1)−1B(L−1)G′(λ).
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Proof. Using a result obtained in the prood of Lemma B.4 it follows that

B̃(L)−1B(L)H =
{

In −H[Ir − (F− FK̃H)L]−1F
(
K̃−K

)
L
}

H

= H
{

Ir − [Ir − (F− FK̃H)L]−1F
(
K̃−K

)
HL
}

= H
{

Ir − [Ir − (F− FK̃H)L]−1
[
[Ir − (F− FK̃H)L]− [Ir − (F− FKH)L]

]}
= H[Ir − (F− FK̃H)L]−1[Ir − (F− FKH)L].

Therefore,

B̃(L−1)−1B(L−1)H = H[Ir − (F− FK̃H)L−1]−1[Ir − (F− FKH)L−1].

Hence, using equation (B.6) we have that

B̃(L−1)−1B(L−1)G′(λ) = H[Ir − (F− FK̃H)L−1]−1[Ir − (F− FKH)L−1] Adj(Irλ− (F− FKH))Qλ

If we set L = λ, then

B̃(λ−1)−1B(λ−1)G′(λ) = H[Ir − (F− FK̃H)λ−1]−1[Ir − (F− FKH)λ−1] Adj(Irλ− (F− FKH))Qλ

= H[Ir − (F− FK̃H)λ−1]−1[Irλ− (F− FKH)] Adj(Irλ− (F− FKH))Q

= H[Ir − (F− FK̃H)λ−1]−1 det(Irλ− (F− FKH))Q

= 0,

where the last equality is due to the fact that, λ is an eigenvalue of F− FKH, and therefore

det(Irλ− (F− FKH)) = 0.

Proposition 11. Using the de�nitions above, it follows that

C(L)−1d2(L) =
T̃′(L)

∆̃(L)
ãθ(L).

Proof. Using Lemma B.3 and equation (B.9) we obtain

C(L)−1
T′(L)

∆(L)
=

1

1− α

(
B̃(L−1)ṼB̃′(L)

)−1
B(L−1)VB′(L)

B′(L)−1V−1

∆1(L)

=
1

1− α
B̃′(L)−1Ṽ−1B̃(L−1)−1B(L−1)

1

∆1(L)
,
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and from the transformed analogue of equation (B.9) it follows that

C(L)−1
T′(L)

∆(L)
=

T̃′(L)

∆̃(L)

∆̃1(L)B̃(L−1)−1B(L−1)

(1− α)∆1(L)
. (B.19)

In what follows we argue that

b(L) ≡ ∆̃1(L)B̃(L−1)−1B(L−1)

(1− α)∆1(L)
[(1− α)aθ(L) + αay(L)]

is a polynomial vector. From Lemma B.5 we know that all non-zero roots of ∆1(L) are also roots of

∆̃1(L)B̃(L−1)−1B(L−1), so we are left with showing that any zero roots of ∆1(L) will also cancel with

the numerator.

First, from equations (B.15), (B.16) and (B.19), and Proposition 10 we have that

h(L) =
T̃′(L)

∆̃(L)

P(L)

∆1(L)
,

where

P(L) ≡ ∆1(L)G̃′(L)Λφθ(L)− 1

1− α
∆̃1(L)B̃(L−1)−1B(L−1) [(1− α)aθ(L) + αay(L)] .

Next, since h(L) is constructed as a weighted average of two applications of Proposition 9 (see equation

(B.12)), the roots of ∆1(L) cannot be poles of h(L). Therefore, if ∆1(L) contains v zero roots, it must be that

T̃′(L)P(L) also contains v zero roots. On the other hand, it follows directly from the de�nition of T̃(L) that

T̃(0) = Ṽ−1∆̃2(0)In 6= 0.

Therefore, since P(0) has v zero roots, which implies that the same is true for ∆̃1(L)B̃(L−1)−1B(L−1). Finally,

we have that

C(L)−1d2(L) =
T̃′(L)

∆̃(L)
b(L)

and, by uniqueness (established in Proposition 7) the result follows.
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